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Abstract. In this paper, we present a novel shape interpolation method

that gives very good results for mesh morphing 3D facial animations. Our

method interpolates vertices using circle arcs, thus generating, in a preprocess-

ing algorithm, a specific circle center in 3D cartesian space for each pair of

vertices. The arc is more or less accentuated, depending on the coordinates

which the algorithm chooses for the circle center. These are calculated depend-

ing on the relation between the two vertex normals that correspond to the initial

vertex and target vertex, and thereby a novel vertex normal weighting method is

presented. The efficiency of our algorithm was tested on several facial animation

examples with most dissimilar geometries and with very different features, and

the results verify the fact that our method gives undoubtedly better results than

linear interpolation does, avoiding the undesired and unnatural shrinkage prob-

lem which occurs in the latter case. Moreover, our method strikes significantly

better computational costs as compared to other non-linear shape interpolation

methods developed so far, which is a major advantage.
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1. Introduction

A problem that remains major in computer graphics is the construction and an-
imation of 3D realistic human faces. For the past few decades, researchers have
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invested much interest in this field. Facial modeling and animation refers to means of
visually representing virtual human or non-human faces on a computer and making
them look and act natural. This task is a highly difficult one in the field of computer
graphics animation, since the human eye is used to everyday interaction with other
humans, and therefore is very trained to observe even the slightest irregularities in
the facial movements of a character.

Mainly, there are two basic geometric ways of animating 3D faces. These work the
same for both human and non-human face animations. The first one implies morphing
the base head model between various morph targets. The 3D head model is stored as
a set of triangles in 3D cartesian space, each triangle having a set of three vertices.
For this method, the artist has to model or modify the basic head model in order to
obtain several instances of the same head, for each needed facial expression. When
animating, the vertices are interpolated between their initial position and the one that
corresponds to the desired facial expression. Combining several such instances of the
same model, at different moments of time, and at times even superimposing them,
fluid and very natural facial animations could be obtained [1]. This method is often
referred to as morph target animation, per-vertex animation, shape interpolation, or
blend shapes animation. The other basic geometric way of animating 3D faces requires
implementing muscle and skeletal systems to control areas of the face surface [2].
This method uses a model that virtually simulates the actions of real facial muscles.
Unfortunately, the model does not work for any head structure and has to be manually
defined in each case. As compared to the other method, it has the advantage that it
requires less efforts from the artist. At all events, there are advantages to using morph
target animation over muscle animation, because the artist modeler can individually
create realistic facial movements over which he has absolute control, whereas in the
other case he could be constrained by the limitations of the bone/muscle system, which
could never model perfect and totally natural facial movements [2, 3, 4, 5]. Perfect
results could not be obtained without the artist’s intervention. For example, muscle
systems can’t simulate wrinkle animations or other detailed muscle animations, which
are specific to some characters.

The morph target method aims to generate a sequence of intermediate 3D shapes
between the two input 3D models (initial and target), giving the viewer the impres-
sion of the first object gradually transforming into the second one. This method is
nowadays highly used in computer graphics. The shape interpolation method implies
two steps [6]. The first one regards the problem of establishing a one-to-one corre-
spondence between the vertices of the initial and target objects. The two objects must
have the same connectivity. The second step takes care of the trajectory problem, i.e.
determining the path each vertex should follow from its base position to its target
one. The simplest and most often used way of performing the vertex interpolation is
the linear interpolation, courtesy of its very pleasing computing time. Unfortunately,
in the case of transformations that imply large scale rotations, linear interpolation
doesn’t strike good results, due to the shrinkage problem that appears. In such situa-
tions, other interpolation methods have to be addressed, so as for the metamorphosis
to look natural and realistic. These methods have to be highly dependent on the ob-
ject geometry. In this paper, we consider that the isomorphic correspondence problem
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has been taken care of, using one of the existing algorithms [7, 8] and we shall focus
on the trajectory problem.

Our paper presents a novel interpolation method for mesh morphing in the case
of 3D facial animations, by using arcs of different circles for each pair of vertices.
For each such pair of vertices, a specific circle center is determined, and then the
vertex follows the path of a circle arc between its initial and final position. The
resulting trajectory could vary from a half-circle to something very close to a line,
depending on the chosen position of the circle center. That is because, in some
transformations, in order for the metamorphosis to look natural, some vertices of
the mesh have to move linearly, whereas others have to move on a very obvious
circle arc. To determine the circle center coordinates for each pair of vertices, our
algorithm first determines the vertex normal which corresponds to the initial vertex
and then calculates the vertex normal that corresponds to its position on the target
mesh. The center position is determined depending on the relation between the two
vertex normals. Our results and tests on various very different examples of 3D facial
animations prove that the method presented in this paper does not bring about the
eye soring effects that so often happen in the case of linear shape interpolation, such
as the shrinkage problem or local self-interaction. The major advantage our algorithm
brings is that it provides consistently better visual results than linear interpolation,
whereas it also strikes significantly better computing times than other non-linear
mesh interpolation methods that have so far been developed. Virtually, after the
very short center-determination preprocessing part, the metamorphosis is performed
in real-time.

2. Related Work

Researchers have invested much interest in the mesh morphing area of computer
graphics, laying great emphasis on both the correspondence and trajectory problems
[9]. As to shape interpolation, some of the first attempts were done by Sederberg
and Gao [10]. Their method proposes a way of interpolating polygonal surfaces in
2D space by trying to preserve the values of the edges and dihedral angles, but
it has the disadvantage that the results vary depending on the order in which the
edges and angles are computed by the algorithm. Thereby, this method is regarded
mostly as an edge interpolation method. It was also extrapolated to 3D cases, with
similar results [11]. Surazhsky [12] proposes a method that adresses the use of mean
value interpolation and barycentric coordinates to interpolate between isomorphic
triangulations, while the mesh is regarded as a triangulated graph.

Kaneko [13] presents a method that morphs 3D models by first defining skeletal
systems to describe the main features of the object’s geometry. Nevertheless, it re-
quires user interaction, since the patches in which the model has to be divided are
manually selected. Lipman [14] proposes a shape interpolation scheme which mini-
mizes elastic distortion by using an interactive editing mechanism that preserves local
differential properties. The used differential coordinates are rigid-motion invariant.

Sheffer and Kraevoy [15] introduce a different way of describing local shape rep-
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resentation, by using pyramid coordinates. These coordinates describe the local pro-
prieties of the mesh around each vertex, by taking into account the edge lengths and
the dihedral angles. However, the algorithm requires user interaction, since a set of
control vertices has to be defined by the user.

Alexa [16] proposes preserving the local features of a 3D shape by describing them
in a differential way, and thus approaches the trajectory problem in 3D morphing by
interpolating Laplacian coordinates. Xu [17] presents another interpolation method
that is different in the fact that it interpolates vector fields in gradient domain instead
of vertex positions directly. Each intermediary shape is computed by solving a set
of Poisson equations defined on a domain mesh. Hu [18] approaches the problem
of 3D morphing by using strain fields to interpolate between 3D shapes. Strain is
a quantity used in mechanics to describe deformation, and therefore, if only a rigid
body motion happens, the strain field is 0. The Lagrange strain field provides good
results for 3D shape interpolation. This method is extrapolated from the 2D strain
field interpolation method [19], proposed by the same authors.

The results these methods produce are very good, but the computational times
are extremely long and therefore these methods could be hardly used in large-scale
productions, since they are still far from real-time processing.

3. Framework of Circular Interpolation Morphing

In the case of similar shapes, where no major deformation or rotation occurs,
linear shape interpolation produces acceptable results. Nonetheless, if the metamor-
phosis implies large scale rotations or partly bending the object, linear interpolation
unavoidably leads to undesired shrinkage of the intermediate shapes during the mor-
phing process. Therefore, we chose to create an algorithm that provides smooth
variation of the object volume during the transformation. The object metamorphosis
could be devided into two kinds of transformations: rigid body motion and defor-
mation. The rigid body motion refers to translation and rotation transformations.
If only a rigid body motion takes place, the resulting volume is equal to the initial
one. For example, if we rotate a cube around its own center, its volume must remain
unchanged during the rotation, but in this example linear shape interpolation fails.
Deformation, though, refers to the way a vertex changes its position relative to its
neighbor vertices, not to its initial position. Unlike other so far presented methods
[17, 18], which tend to treat the two kinds of transformations separately, our method
considers object deformation to be a sum of rotations applied on different parts of
the 3D mesh. Using a different circle arc for each vertex to describe its transition, we
could treat rotation and deformation together. For the vertices that are to be solely
translated, the circle center is chosen in such a way that the resulting trajectory would
be a very smooth arc, very close to a line, whereas for a rotation the arc would be
very obvious. The deformation could be approximated with very good results if we
consider each vertex on the deforming part of the object to move on a different arc,
some on a higher-angle arc, some on a lower-angle arc. In other words, with our
method, the object mesh is dissected into very small mesh parts, each one undergoing
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its own different rotation. As a result, the object suffers a very complex transfor-
mation, some of its parts being rotated, some deformed, some only translated, and
others left unmoved. Since it is based on circle arc trajectories, we chose to call our
method circular shape interpolation. We could now define the transformation plane
incident to a shape metamorphosis as the plane in which most of the vertex rotations
which approximate the deformation of a specific mesh part take place. This plane
could be, in 3D Cartesian space, the XOY plane, the XOZ plane, the YOZ plane, or
any other plane obtained by rotating one of these three planes with a varied angle.
In the case of 3D facial animations, several experimental results have shown us that
the metamorphosis could be very well represented by only one transformation plane
for the whole 3D object. For other cases, the object is devided into a few mesh parts
and the following algorithm is applied for each such part. In this paper, we shall
consider the case of 3D facial animations. Thence, our method could be described by
the following main steps:

1. First, define a total number of possible transformation planes, then perform
for each such transformation plane the following sub-steps:

– Determine, for each vertex, the vertex normals that correspond to its positions
on the initial and target mesh, using our novel vertex normal determination method
that produces best results for our goal;

– Compute for each pair of vertices the coordinates of their corresponding circle
center in 3D space, depending on the specific geometrical features of each such pair;

2. Develop a real-time morphing algorithm that moves each vertex on a circle arc,
using the given initial and final vertex positions and their computed circle center.

3. Using the algorithm at step 2, process the shape of the resulting intermediary
object at the exact middle of the transformation for the case of each transformation
plane defined at step 1.

4. Compare the volume of each intermediary shape obtained at step 3 to the aver-
age between the initial object volume and the target object volume, and then choose
the one which is the closest to the average, thus finding out which transformation
plane is the right one.

5. Once the right transformation plane has been determined, the corresponding
set of circle centers is passed on to the morphing algorithm described in step 2, which
performs in real time the metamorphosis from the initial to the final shape.

Therefore, our method is composed of two major parts: the preprocessing algo-
rithm (steps 1-4), with very short computational times, and the actual morphing
(step 5), which virtually works in real time and interpolates using the computed set
of circle centers.

In the following subsections, we shall present each of the algorithm steps in detail.

3.1. Computing the Signed Volume of a closed triangular mesh

In order for the algorithm to choose which transformation plane is best, we have to
develop a method for determining the volume of a 3D triangle mesh object. To achieve
that, we use a very elegant concept used in vector analysis for computer graphics, the
“signed volume”, which could be treated as a result of a triple scalar product [20].
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The signed volume could have a positive value (if the three vectors form a left-handed
set) or a negative value (if the three vectors form a right-handed set). To determine
the volume of a closed triangular mesh, for all the triangles on the mesh we determine
the volume of the tetrahedron that is formed from the current triangle and the origin
(0,0,0).

To calculate this volume, we use the triple scalar product. If we algebrically sum
up all these volumes, we should get the following formula for the volume of a triangular
mesh of a closed 3D object:

Vobj =

N−1∑
i=0

a⃗i · (b⃗i × c⃗i)

6
(1)

where N is the object’s total number of triangles, and a⃗i = (xT1i-0, yT1i-0, zT1i -0) ,

b⃗i = (xT2i -0, yT2i-0, zT2i-0) , respectively c⃗i = (xT3i -0, yT3i-0, zT3i-0). Here, T1i, T2i

and T3i are the i indexed triangle’s three vertices.

3.2. Our Vertex Normal determination method

Another concept that we use in this paper is the vertex normal concept. Vertex
normal is an essential attribute for point based smoothing and mesh simplification in
the field of computer graphics. It is also commonly used for illumination techniques,
such as Phong shading [21]. The vertex normal which is proper to a specific vertex
of a triangular mesh is obtained by averaging the normals of all the triangles that are
incident in this vertex, by using different weights. Therefore, vertex normals express
important local proprieties of a 3D surface. The vertex normal accuracy depends
on the algorithm used for weighting the normals which are to be averaged. Several
such algorithms have been developed [22], each of them focusing on different problems
vertex normals may be useful for. The main influencing factors when weighting are
the areas of the neighboring triangles and the incident angles. For example, in the case
of global illumination and Phong shading, when interpolating the way light interacts
with the polygonal surface, it is very important to preserve hard edges. Considering
T1i, T2i and T3i are the three vertices of the i indexed triangle on the mesh, the
triangle’s normal is calculated as:

n⃗ti =

−−−−−−−→
(T2i − T1i)×

−−−−−−−→
(T3i − T1i)

∥
−−−−−−−→
(T2i − T1i)×

−−−−−−−→
(T3i − T1i)∥

(2)

Gouraud’s method [22] simply averages the normals of the surrounding triangles:

n⃗ =

∑
i

n⃗ti

∥
∑
i

n⃗ti∥
, (3)

where n⃗ti are the normals of the neighboring triangles incident to our vertex of interest.
Other methods also need the αi angle, which is the i triangle’s angle incident to the
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vertex of interest, and/or the Ati area of the triangle (Thurmer, Taubin and Max
[22]):

n⃗ =

∑
i

αi · n⃗ti

∥
∑
i

αi · n⃗ti∥
or n⃗ =

∑
i

Ati · n⃗ti

∥
∑
i

Ati · n⃗ti∥
(4)

We take the use of vertex normals a step forward, using this powerful mesh at-
tribute for our shape interpolation method. For our algorithm, though, the vertex
normal determination methods presented above are not satisfactory, since, in our
case, we have to compute the resulting vertex normals by taking into account both
initial and target meshes. So, we present a novel weighting method for vertex normal
determination. The vertex normal on the initial mesh is also influenced by its corre-
sponding mesh on the target object, whereas the vertex normal on the target mesh
is also influenced by its corresponding mesh part on the initial object. After several
experiments, we have decided over the following formulas, which provide very useful
results for what we intend to use vertex normals for:

n⃗ =

∑
i

[
Ati

Amax1
· n⃗ti · arccos

(
n⃗ti · n⃗′

ti

∥n⃗ti∥ · ∥n⃗′
ti∥

)
· 1
π

]
∥∥∥∥∑

i

[
Ati

Amax1
· n⃗ti · arccos

(
n⃗ti · n⃗′

ti

∥n⃗ti∥ · ∥n⃗′
ti∥

)
· 1
π

]∥∥∥∥
(5)

for the vertex normal associated to the initial vertex, and

n⃗′ =

∑
i

[
A′

ti

Amax2
· n⃗′

ti · arccos

(
n⃗ti · n⃗′

ti

∥n⃗ti∥ · ∥n⃗′
ti∥

)
· 1
π

]
∥∥∥∥∑

i

[
A′

ti

Amax2
· n⃗′

ti · arccos

(
n⃗ti · n⃗′

ti

∥n⃗ti∥ · ∥n⃗′
ti∥

)
· 1
π

]∥∥∥∥
(6)

for the vertex normal associated to the target vertex.
In the above formulas, the n⃗ti vectors represent the normals of the neighboring

triangles on the initial mesh, and the n⃗′
ti vectors represent the normals of the neigh-

boring triangles on the target mesh, all relative to the vertex of interest. Amax1 and
Amax2 denote the area of the largest triangle out of all the neighboring triangles,
in the case of the initial and the target mesh. The A′

ti areas denote the areas of

the corresponding triangles on the target mesh. As a result, the
Ati

Amax1
and

A′
ti

Amax2
expressions vary between 0 and 1. Several experiments have shown us that, for our
shape interpolation algorithm, it is compulsory not to take into account, when av-
eraging, those triangle normals that are the same in the initial and target mesh (or
differ just a little). Therefore, we added a new influence factor in the above formulas.
Using the dot product, for each triangle, the angle between its initial and final normal

is computed. The arccos

(
n⃗ti · n⃗′

ti

∥n⃗ti∥ · ∥n⃗′
ti∥

)
· 1
π

expression returns 0 if the angle is 0
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and 1 if the angle is π. The influence of the triangle normal increases with the result
returned by this expression. Figure 1 demonstrates the efficiency of this method.

Fig. 1. Our Vertex Normal determination method applied on a simple object.

Figure 1 shows the example of a cube that, in its final shape (Fig. 1b), is rotated
with a π/2 angle around its axis as compared to its initial instance (Fig. 1a). Its
only transformation is this rotation. Our vertex of interest is the A vertex on the
figure, and its final position is denoted as A′. The normals associated to the three
neighboring triangles are n⃗t1, n⃗t2 and n⃗t3 for the initial shape and n⃗′

t1, n⃗′
t2 and n⃗′

t3

for the final one. As seen in Fig. 1c, the influence of the n⃗t3 and n⃗′
t3 normals is most

undesired, since the cube’s rotation takes place solely in the plane defined by n⃗t1 and
n⃗t2. When averaging, our algorithm resolves this issue by weighting every triangle
normal with the angle formed between its initial and final states. In this case, the
angle between n⃗t3 and n⃗′

t3 is 0, so these normals have absolutely no influence when
calculating the two resulting vertex normals. The vertex normals processed with our
method are n⃗1 and n⃗2. Since the n⃗1 and n⃗2 vectors are not always coplanar, we
project the n⃗2 vector on the plane defined by the A′ point with the fixed vector n⃗1

(n⃗1 is fixed by the A point). The result is denoted as n⃗′
2, this consisting in another

step of our algorithm. In the particular case of Fig. 1, n⃗′
2 = n⃗2. The C point is

the circle center which defines the resulting trajectory (here, it coincides with the

intersection between n⃗1 and n⃗′
2), while θ is the angle between n⃗1 and n⃗′

2.

3.3. Computing the set of circle centers

Let P and P ′ be the initial and final positions for an arbitrary vertex of the object.
We want to determine a specific circle center in 3D space, so as to trace the circle
arc trajectory from P to P ′. To do that, we first need to find the intersection of the
n⃗1 and n⃗′

2 vertex normals. The fact that these two vectors are coplanar helps a lot.
For this problem, we verify whether or not the two lines are parallel. If n⃗1 × n⃗′

2 = 0,
then n⃗1 and n⃗′

2 are parallel and the two lines do not intersect. In this case, the
interpolation between P and P ′ is done linearly. This mainly happens when the only
transformation for the mesh part that includes this vertex is a translation. If the lines
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do intersect, we denote the intersection point by I. I is determined by equating the
two lines and solving the system, knowing that both lines lie in the same plane:

x− xP

xn1

=
y − yP
yn1

=
z − zP
zn1

x− xP ′

xn′
2

=
y − yP ′

yn′
2

=
z − zP ′

zn′
2

(7)

where (xP , yP , zP ) are the coordinates of P , (xP ′ , yP ′ , zP ′) are the coordinates of

P ′, n⃗1 = (xn1 , yn1 , zn1) and n⃗′
2 = (xn′

2
, yn′

2
, zn′

2
).

The θ angle between n⃗1 and n⃗′
2 is also calculated, using the dot product:

θ = arccos

(
n⃗1 · n⃗′

2

∥n⃗1∥ · ∥n⃗′
2∥

)
(8)

In the next step, we determine the coordinates of the C circle center. We denote
by M the middle of the PP ′ segment. The center should be situated somewhere on
a line which is included in the IPP ′ plane, is perpendicular to the PP ′ line and also
passes through M . Then we add another condition: the angle formed between the CP
and CP ′ segments must be equal to θ. This leads to two possible solutions, because
C could be located on either side of the PP ′ line.

The free vector which describes the direction that is perpendicular to the PP ′ line
and is included in the IPP ′ plane is denoted as p⃗ = (xp, yp, zp) and we determine it
by calculating two cross products:

p⃗ =
−−→
PP ′ × (

−→
PI ×

−−→
PP ′) (9)

We formulate the equation of the MC line as:

x− xM

xp
=

y − yM
yp

=
z − zM

zp
(10)

The other condition is:

−−→
CP ·

−−→
CP ′ = ∥−−→CP∥ · ∥

−−→
CP ′∥ · cos(θ), (11)

The radius of the circle is:

r = CP = CP ′ =
MP

sin

(
θ

2

) , (12)

which leads to:
CM =

√
MP 2 − r2 (13)

Knowing the equation of the CM line, the distance between C and M , and the
coordinates of the M point, we solve the system and reach a second order equation
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that provides two possible solutions for the C center. To find out on which side of
the PP ′ line C is situated, we have to study the proprieties of the local geometry
surrounding the P and P ′ vertices. For that, we propose the following approach:

We already know that
−→
IP and n⃗1 share the same direction and that

−−→
IP ′ and n⃗′

2

share the same direction. We want to find out whether or not they also share the

same sense (positive/negative). If
−→
IP and n⃗1 share the same sense and

−−→
IP ′ and n⃗′

2

share the same sense, this means the C point must be located on the same side of the
PP ′ line as I is. If not, the C point must be situated on the other side of the PP ′ line
than I. Out of the two solutions we reached for the C center, the one which is located
the closest to I is on the same side of PP ′ as I is, whereas the one that is situated
the farthest from I is on the other side. This method produces the expected results
for our algorithm to work properly. Using the same notations, Fig. 2 demonstrates
how the C circle center is determined in various examples, thus proving the efficiency
of the center determination method presented so far.

Fig. 2. Our center determination method applied for various situations.

In the first two examples shown in Fig. 2, the resulting C point is located on
the same side of PP ′ as I, since both I⃗P and ⃗IP ′ vectors share the same sense and
direction with their corresponding vertex normals. In the case of the last example
from Figure 2 though, our method places the center on the other side of the PP ′ line.
If it had been on the same side as I, the resulting trajectory would have produced a
visually incorrect metamorphosis animation, which is most undesirable. In the figure,
we chose to show only one very little mesh part of the object, while hiding the rest
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irrelevant mesh part, in order to efficiently describe the behaviour of the (P, P ′) pair
of vertices.

There is still one cardinal aspect to be discussed. Let Nv be the number of vertices
on the mesh and i = 1..Nv. So far, we have presented the method for one arbitrary
(Pi, P

′
i ) pair of vertices on the mesh, for which we have determined the θi angle and

the Ci associated circle center. Now, we have to see how to establish the final set of
circle centers. A key fact is that not all vertices on the mesh store in their vertex
normals important information regarding the manner the interpolation has to be done.
Considering αi is the angle between the n⃗1i vertex normal and the transformation

plane proper to our shape transformation, only those vertices with αi 6 π

180
have

relevant vertex normals. We call these specific vertices directory vertices. All other
vertices have to ”steal” their θ value from the closest such directory vertex on the
mesh. The algorithm that accomplishes this task goes as follows:

We run through all the vertices of the 3D object. For each vertex, we check if its

αi >
π

180
, and if this happens we save a linked list of all its first-order neighboring

vertices, then another linked list of all its second-order neighboring vertices, and so on
and so forth. All these lists are also linked in a major linked list of lists that properly
describes the neighboring proprieties of our vertex. For a short explanation of the
concept used, the second-order neighboring vertices are all vertices on the mesh for
which the shortest way to our vertex of interest passes through only one intermedi-
ary vertex (or through two edges), whereas the first-order neighboring vertices are
connected to our vertex through only one edge. Running through all these neighbor
lists, when we encounter a directory vertex, we stop and steal its θ value. Therefore,

for a Pi vertex with αi >
π

180
, if its closest directory vertex is denoted as Pd, then

θi becomes θd. In the particular case of θd = 0, the interpolation is done linearly for
both Pd and Pi vertices.

For each such non-directory vertex, once the new θ angle is established, a new
circle center must be computed depending on the transformation plane. Our circular
interpolation is always done, as discussed earlier, relative to a specific transformation
plane, which comes as a known parameter to our interpolation function. Mainly, the
transformation plane could be any of the three basic planes in the Cartesian system
(XOY, XOZ, YOZ), or any plane obtained by rotating any of these planes with a
certain angle. For planes that do not coincide with the three basic ones, we use the
following method: we rotate the object till the transformation plane coincides with
one of the three basic planes, we then retain the angle value and the axis we used for
this rotation, we apply our interpolation algorithm using the basic plane we obtained,
and eventually we rotate the modified object back to the way it was. Doing this, we
only have to discuss here the case of the three basic transformation planes: XOY,
XOZ and YOZ. Thereby, for each non-directory vertex we determine three points:
Ci,XOY , Ci,XOZ and Ci,Y OZ , each corresponding to one of the three basic Cartesian
planes. These three centers are determined in the exact same way we determined the
Ci circle center, only that instead of locating the resulting center in the IiPiP

′
i plane,

we place it in a plane which includes the Pi point and is parallel to the transformation
plane (XOY, XOZ or YOZ). Also, instead of the P ′

i point we use the projection of
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the P ′
i point on this plane, which we denote as P ′′

i . If the transformation plane
is YOZ, we get P ′′

i = (xPi , yP ′
i
, zP ′

i
). If the transformation plane is XOY, we get

P ′′
i = (xP ′

i
, yP ′

i
, zPi). If the transformation plane is XOZ, we get P ′′

i = (xP ′
i
, yPi , zP ′

i
).

Another difference in the algorithm is that in the end, when choosing which one of
the two resulting solutions is the right one, we select the one which is located the
closest to the initial Ci. We also determine the following three radius parameters:
ri,Y OZ = PiCi,Y OZ = P ′′

i Ci,Y OZ , ri,XOY = PiCi,XOY = P ′′
i Ci,XOY and respectively

ri,XOZ = PiCi,XOZ = P ′′
i Ci,XOZ .

3.4. Our Circle Arc interpolation method

Considering (Pi, P
′
i ) is one arbitrarly chosen pair of vertices on the mesh, we denote

our interpolation function as Pi,circ(t, Pi, P
′
i ), where t ∈ [0, 1], Pi,circ(0, Pi, P

′
i ) = Pi

and Pi,circ(1, Pi, P
′
i ) = P ′

i .
We now present our circular interpolation algorithm for the directory vertices. In

a very first step, we determine linear interpolation point coordinates, as follows:

xlin(t, xPi , xP ′
i
) =

{
xPi + t · (xP ′

i
− xPi) if xPi < xP ′

i

xPi − t · (xPi − xP ′
i
) otherwise

}
(14)

ylin(t, yPi , yP ′
i
) =

{
yPi + t · (yP ′

i
− yPi) if yPi < yP ′

i

yPi − t · (yPi − yP ′
i
) otherwise

}
(15)

zlin(t, zPi , zP ′
i
) =

{
zPi + t · (zP ′

i
− zPi) if zPi < zP ′

i

zPi − t · (zPi − zP ′
i
) otherwise

}
(16)

We introduce:

di(t) = ri− (17)

−
√
(x2

Ci
− xlin(t, xPi , xP ′

i
)2) + (y2Ci

− ylin(t, yPi , yP ′
i
)2) + (z2Ci

− zlin(t, zPi , zP ′
i
)2)

Let Pi,lin(t, Pi, P
′
i ) = ((xlin(t, xPi , xP ′

i
), ylin(t, yPi , yP ′

i
), zlin(t, zPi , zP ′

i
))). The line

defined by Pi,lin(t, Pi, P
′
i ) and Ci could be expressed as follows:

x− xlin(t, xPi , xP ′
i
)

xCi − xlin(t, xPi , xP ′
i
)
=

y − ylin(t, yPi , yP ′
i
)

yCi − ylin(t, yPi , yP ′
i
)
=

z − zlin(t, zPi , zP ′
i
)

zCi − zlin(t, zPi , zP ′
i
)

(18)

Pi,circ(t, Pi, P
′
i ) shall be found by determining the point which is located on this

line, at the di(t) distance from the Pi,lin(t, Pi, P
′
i ) point. The system is: Pi,circ(t, Pi, P

′
i ) ∈ CiPi,lin(t, Pi, P

′
i )

di(t) = distance(Pi,circ(t, Pi, P
′
i ), Pi,lin(t, Pi, P

′
i ))

 (19)

The system has two solutions out of which we shall always choose the one that is
located the farthest from Ci.
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For the non-directory vertices, we apply the very same algorithm, only that in
this case we use the Ci,XOY , Ci,XOZ and Ci,Y OZ centers, depending on the transfor-
mation plane (XOY, XOZ or YOZ) and on the corresponding P ′′

i projection point.
If the transformation plane is XOY, the interpolation is done linearly on the OZ
axis, therefore zcirc(t, zPi , zP ′

i
) = zlin(t, zPi , zP ′

i
), while on the other two axes it is

done circularly, solving a system similar to the one previously presented. This means
xcirc(t, xPi , xP ′

i
) and ycirc(t, yPi , yP ′

i
) are determined using the Pi, P

′′
i and Ci,XOY

points. Similarly, for the XOZ transformation plane the interpolation is linear on the
OY axis and circular for the other two, and for the YOZ transformation plane the
interpolation is linear on the OX axis.

3.5. Choosing the right transformation plane

Considering a finite set of test transformation planes (the three basic planes and
some other ones obtained, as discussed before, by rotating the basic planes), we wish
to verify which of these planes is best suited for each particular metamorphosis case.
The finite set of transformation planes is denoted as D, and its elements as Dk, with
k = 1..ND, and ND is the number of elements. Thereby, we take the following steps:

1. We calculate the volumes for the initial and final shapes and then determine
the average volume as:

VRef =
Vinitial + Vfinal

2
(20)

2. We compute the intermediary 50% object shape in the case of each trans-
formation plane, using the circular interpolation method presented in the previous
subsection. For a 50% metamorphosis, we know that t = 0.5.

3. We determine the volumes of these 50% intermediary shapes in the case of each
transformation plane. We denote them as VDk

(0.5), where k = 1..ND. If Dk = XOY ,
the volume is VXOY (0.5). Similarly, we define VXOZ(0.5) and VY OZ(0.5).

4. A primal fact used in all approaches regarding shape metamorphosis is that
the volume should vary linearly during the metamorphosis. If we are dealing with
a rigid body motion, the volume should stay unchanged during the transformation.
Otherwise, its variation should be described by something very close to a line between
its initial and final values. In this case, we determine:

VRes = min(|VRef − VD1
(0.5)|, |VRef − VD2

(0.5)|, ..., |VRef − VDND
(0.5)|) (21)

as being the volume that is the closest to VRef . Thereby, the transformation plane
which corresponds to this volume is the best suited transformation plane.

4. Results

We have tested the efficiency of our algorithm on several facial animation examples
with most dissimilar geometries and with very different features, and the results verify
the fact that our method gives undoubtedly better results than linear interpolation
does, avoiding the undesired and unnatural shrinkage problem which occurs in the
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latter case. Figure 3 shows the example of an elephant raising its trump. The first
row in the figure describes the transformation in the case of linear shape interpolation,
whereas the second row shows our results. The third row shows the superimposed
intermediary shapes for both methods, thus proving the advantages our method brings
about.

Fig. 3. Linear shape interpolation and our shape interpolation method

applied on the elephant object.

The plot presented in Figure 4 describes the object volume variation during
the transformation for both linear shape interpolation and our shape interpolation
method, in the case of the elephant trump metamorphosis presented in Figure 3. Our
resulting curve (the blue one) provides a volume variation graph which is very close
to a line, whereas the shrinkage effect is very well described by the volume variation
curve in the case of linear interpolation (the red curve).

Fig. 4. Volume variation plot for both linear shape interpolation and our

shape interpolation method applied on the elephant animation from Fig. 3.
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Another self-explanatory deformation example is presented in Figure 5, for the
case of a horse gradually changing its facial features into the ones of a giraffe-like
animal. The result provided by our method shows a very natural shape metamor-
phosis between the two models (the bottom of the figure), as compared to the linear
interpolation result (the top of the figure) which looks most unpleasant.

Fig. 5. Horse-giraffe metamorphosis.

Figure 6 shows the difference between our method (second row) and the linear
interpolation one (first row) in the case of a low-polygon object: a twisting rod.

Fig. 6. Twisting a rod.

Figure 7 presents the example of a tongue animation, which is of uttermost impor-
tance in facial animations. In the case of our shape interpolation method (the second
row in the figure), the tongue bends naturally and its muscles contract with a natural
animation, whereas for the linear interpolation result the shrinkage effect again can-
not be avoided (the first row in the figure). The third row shows the superimposed
intermediary shapes for both methods.
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Fig. 7. Tongue animation results for both linear shape interpolation

method and our shape interpolation method.

On the other hand, our method provides significantly better computational costs
than other non-linear shape interpolation methods developed so far [16, 17, 18], where
the computational times reach 22 seconds per each intermediary shape [17] and 55
minutes for generating the whole metamorphosis sequence [18]. Our shape interpo-
lation method has two major steps: a preprocessing part, where the Ci, Ci,XOY ,
Ci,XOZ and Ci,Y OZ circle centers are generated, and the actual circle arc morphing
part, when the interpolation points are generated. The preprocessing algorithm usu-
ally requires only a few seconds for the entire metamorphosis sequence, no matter
how many intermediary shapes are needed, while our morphing algorithm (the sec-
ond part) takes less than 20 ms per intermediary shape and therefore is performed in
real-time, which is a major advantage.

Table 1. Computational costs for different numbers of transformation planes

Table 1 shows the preprocessing algorithm computational costs our method pro-
vides in the case of the examples presented in this paper, for different numbers of
test transformation planes. The computational times increase with the number of
transformation planes tested, but so do the results. Also, computational times are
higher for high-poly objects than for low-poly ones.
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5. Conclusions and Future Work

In this paper, we have presented a novel shape interpolation method that gives
very good results for mesh morphing 3D facial animations, which we called circular
shape interpolation because it uses arcs of different circles for each pair of vertices.

The major advantage our method brings about is that, while producing consider-
ably better results than the mostly used linear shape interpolation method does, it
also strikes significantly better computational costs than other non-linear shape in-
terpolation methods developed so far. Several experiments have proved the efficiency
of our method. The method could also be adjusted for other kinds of animations by
dividing the mesh in a few parts and then applying the algorithm on each such part
in particular. Nevertheless, this should raise the computational time and therefore
more research could be done in this area. Also, more research could be done to reduce
the complexity of the algorithm and to improve its visual results.

The algorithm presented in this paper has been developed as part of a larger-scale
project that aims to produce an application for helping people with disabilities learn
how to speak Romanian correctly. For this purpose, the application should provide
very natural and highly-detailed realistic lips and tongue animations, so as for the user
to understand how different phonemes are pronounced in Romanian. For this result,
as shown in Figure 7, the circular interpolation method proves its utility, thanks to its
very pleasing computational cost. Also, due to the very short computational times,
our facial animation method could very well find its place in any major commercial
3D animation software package, bringing about highly pleasing results for any 3D
facial animation task one might require.
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