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Abstract. A class of linear continuous in time and discrete in space ho-

mogeneous Cellular Neural Network type analog parallel architectures and log-

domain CMOS implementation is discussed. The specific feature of the spatio-

temporal dynamics of the architecture is the existence of unstable spatial modes

– property that can be used for high speed image processing. The dynamics

and spatial frequency response of a 1D array at system level and log-domain

transistor level implementation are compared.
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1. Introduction

Spatio-temporal dynamics in homogeneous or nonhomogeneous arrays have been
thoroughly studied in various fields including autonomous Cellular Neural Networks
(CNN’s) [1–8]. The reasons of the above investigations were, on the one hand, the
interest in understanding and modeling natural behaviors and, on the other hand,
the possibility of using spatio-temporal dynamics in parallel architectures for high
speed signal and image processing. Even though CNN’s have been initially designed
as intrinsically nonlinear systems, in many cases linear or piecewise versions proved
to be useful from the analysis, the design, and the application points of view. As
an example, pattern formation, which has been shown to appear, among others, in
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an architecture consisting of two-port second order cells, sandwiched between two
resistive grids [6, 7] was studied using the powerful linear methods based on the
decoupling technique. Even though the method is valid only for the central linear
part of the cell characteristics, it has been shown to offer useful insight on the shape of
final pattern obtained after the nonlinearity has been reached. It consists of a change
of variable chosen according to the boundary conditions, the transformed differential
equations being decoupled. When at least one of the spatial modes is unstable, a
time variable spatial filter can be obtained in the hypothesis that the outputs did not
surpass the central linear part of the cell characteristic. A similar approach proved
useful for spatial filtering using more general structures as it will be shown in the next
section. Indeed the two-grid coupled CNN is a rather special case of homogeneous
parallel architecture, derived from the reaction-diffusion model proposed by Turing.
The basic idea of having arrays with one or several bands of unstable spatial modes
can be implemented using a more flexible architecture. If the emerging pattern is
frozen before the signals leave the central linear part of the cell characteristics, the
architecture behaves like a spatial time variable filter, the spatial frequency response
being dependent on the moment the transient has been stopped [10, 11].

2. The architecture

In the following, we consider an M cell 1D array with the architecture shown in
Fig. 1, generalizations to 2D being straightforward. The array consists of linear cells
characterized by the admittances Y(s) and coupled using voltage controlled current
sources over a neighborhood Nr of radius r. The template elements have been de-
noted by Ak for inter-cell connections and by Bk for the input connections. The
neighborhood dimension has been chosen the same for both cases, a fact that does
not restrict the generality as any of the template coefficients might be zero.

Fig. 1. 1D architecture.

In the following we briefly review the general theory of such arrays and then discuss
transistor level implementations.

With the usual notation s ↔ d/dt, Y (s) is a linear integro-differential operator of
the form:

Y (s) =
Q(s)
P (s)

=

q∑
l=0

qls
l

p∑
n=0

pnsn

. (1)
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In this case, the equations that describe the network are:

Y (s)xi(t) =
∑

k∈Nr

Akxi+k(t)+
∑

k∈Nr

Bkui+k(t). (2)

The above relations represent a set of coupled integro-differential equations, which
can be solved by the decoupling technique using the change of variables:





xi(t) =
M−1∑
m=0

ΦM (i,m)x̂m(t)

ui(t) =
M−1∑
m=0

ΦM (i,m)ûm(t)

, (3)

where the M functions ΦM (i, m) satisfy the boundary conditions and are orthogonal
with respect to the scalar product in CM . For ring boundary conditions ΦM (i,m)
have the form ΦM (i,m) = ej2πmi/M = ejωmi = ejω0mi, where ω0 = 2π/M and
ωm = 2πm/M = ω0m.

When ΦM (i+k, m) = ej2πmk/MΦM (i,m) , which happens in the case of ΦM (i,m) =
ej2πmi/M , the action of the spatial operators A and B on ΦM (i, m) gives:





∑
k∈Nr

AkΦm(i + k,m) = KA(m)Φm(i,m)

∑
k∈Nr

BkΦm(i + k, m) = KB(m)Φm(i, m)
, (4)

where

KA(m) =
r∑

k=−r

Akej2πmk/M , KB(m) =
r∑

k=−r

Bkej2πmk/M . (5)

Thus ΦM (i,m) are eigenfunctions of the spatial operators represented by the A
and B templates and KA(m) and KB(m) are the corresponding spatial eigenvalues
which are complex in general and depend on the parameters of the template and on
the mode. For symmetric templates, A−k = Ak, the spatial eigenvalues are real:

KA(m) = −A0 +
r∑

k=1

Ak cos
2πmk

M
, (6)

KB(m) = −B0 +
r∑

k=1

Bk cos
2πmk

M
. (7)

In particular, for r = 2,

KA(m) = −A0 + 2A1 cos ωm + 2A2 cos 2ωm, (8)

with similar expressions for KB(m).
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Using the above change of variable and the properties of ΦM (i,m), equations (2)
can be written in the symbolic form:

Q(s)x̂m(t) = KA(m)P (s)x̂m(t) + KA(m)P (s)ûm(t), (9)

which represent a set of decoupled differential equations one for each of the M spatial
modes, the new variables being the amplitudes of the spatial modes of the cell signals.

The characteristic polynomial for the m-th mode is:

R(s) = Q(s)−KA(m)P (s). (10)

Thus, the stability and dynamics of the spatial modes will depend both on the
A-template eigenvalues and on the cell admittance Y (s) = Q(s)/P (s). The spatio-
temporal dynamics of the array can be studied using classical methods from feed-
back/control theory such as the root locus and Nyquist criterion and, of course, the
Routh-Hurwitz test, all valid for each of the spatial modes. Analysis of arrays with
nonsymmetrical templates can be handled similarly.

For the particular case Y (s) = s + 1 we obtain the following set of decoupled
autonomous first order differential equations:

dx̂m(t)
dt

= (−1 + KA(m))x̂m(t), m = 0...M − 1 (11)

The roots of the m-th characteristic equation are sm = −1 + KA(m), where for
second order neighborhood KA(m) has the expression (8).

The roots of KA(m) = 0 represent the intersection of the dispersion curve with
the abscissa axis in the hypothesis of a continuous variation of m.

For the above particular case of an autonomous CNN having the cell impedance
represented by an RC parallel circuit, the (first order) differential equation corre-
sponding to mode m has the form:

C
dx̂m(t)

dt
= (KA(m)−G)x̂m, m = 0...M − 1 (12)

where KA(m) represents the dispersion curve which, for first and second order neigh-
borhoods has the forms mentioned above.

a) b)

Fig. 2. KA(m) for a high pass (a) and a bandpass (b) spatial filter.
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In Fig. 2 the dispersion curves for a high pass and a bandpass spatial filter are
presented.

3. Log-domain equations

In the following we briefly review the principle of mapping a set of linear state
equations in the log-domain. Since the theory behind linear spatial filtering refers to
autonomous systems, we consider the couple of state and output equations below.

Ẋ = AX, Y = CX, (13)

where X is the M-dimensional column state vector, A is the M×M state transition
matrix, C is the M dimensional row vector relating the (scalar) output Y to the state.

In a standard implementation, the natural physical significance of the state vari-
ables is usually that of voltage. However, in order to convert the system of differential
equations (13) into the log-domain using CMOS transistors in week inversion, we will
further assume that the physical significance of the state variables xi is that of current.

With the following change of variable:

x(i) = ISeαvx(i)−x0, (14)

where x0 is an offset introduced to obey elementary calculus constraints as well as to
avoid static point convergence problems in the implementations equation “i” can be
written in the form (15) and will have a bounded dc steady-state solution:

CISαv̇x(i)eαvx(i) = A2ISeαvx(i−2) + A1ISeαvx(i−1) −A0ISeαvx(i)+

+A1ISeαvx(i+1) + A2ISeαvx(i+2) − x0(2A1 + 2A2 −A0).
(15)

Dividing equation (15) by eαvx(i) and using the notations:

Cx = CISα, xoffset = x0(2A1 + 2A1 −A0) = IX0

A1IS = IA1 , A2IS = IA2 , A0IS = IA0 ,
(16)

the new state equation “i” can be rewritten as:

Cxv̇x(i) = CT − IX0e
−αvx(i) (17)

where CT represent the coupling terms:

CT = IA2e
α(vx(i−2)−vx(i)) + IA1e

α(vx(i−1)−vx(i))+

+IA2e
α(vx(i+2)−vx(i)) + IA1e

α(vx(i+1)−vx(i)) − IA0 .
(18)

The equation (17) represents the Kirchhoff current law for cell “i”: the current
through the capacitor Cx equals the sum of currents injected by the current sources
nonlinearly controlled by the voltages of the neighboring cells while CT represents the



78 L. Goraş, I. Vornicu

contribution of neighboring cells over the i-th cell. Each term within CT represents
the nonlinear equivalent in the log domain of the voltage controlled current sources
while IX0e

−αvx(i) defines a nonlinear conductance.

4. Transistor level implementation

As it has been shown previously, (15) represents the state equation associated to
cell “i” of a first order high-pass spatial filter translated into the log-domain. The
structure of a pixel obtained by the nonlinear mapping of the state equations of
a linear autonomous system is composed of a nonlinear conductance, four current
sources exponentially controlled by the voltages of the neighboring cells, and a dc
current source.

a) a′)

b) b′)
Fig. 3. a) current source exponentially controlled by the voltages of neighboring cells

(injects current in cell capacitor); a′) current source exponentially controlled by the voltage

of the current cell (sinks current from cell capacitor); b) transistor implementation of a);

b′) transistor implementation of b).

The basic building blocks used for the implementation of the log-domain equations
are shown in Fig. 3. The nonlinear controlled sources in Fig. 3 a, b, respectively 3 a′,
b′ have three inputs: a current input (IA1 , IA2 , IX0), and two voltage inputs (v+, v−).
The scaling factor of the sources can be controlled by an external biasing current. In
this way the template coefficients and thus the spatial filtering characteristics can be
modified.

Following to the above considerations, the schematic of a logarithmic cell is pre-
sented in Fig. 4 and corresponds to equation (17).



Spatial Filtering Using Analog Parallel Architectures 79

Fig. 4. Cell schematic for a low-pass/stop-band filter structure.

The above structure has been used to implement a low-pass filter for vx(i− 2) =
vx(i + 2) = 0 and vx(i − 1) = vx(i + 1) 6= 0 and a stop-band filter for vx(i − 2) =
vx(i + 2) 6= 0 and vx(i− 1) = vx(i + 1) = 0.

Fig. 5. Cell schematic for a high-pass/band-pass filter structure.

Multiplying equation (15) by minus one, the cell structure for a high-pass/band-
pass spatial filter shown in Fig. 5 can be easily obtained.

5. Simulation results

In what follows we present the spatial frequency characteristics of a 50 cell 1D ar-
chitecture configured for high-pass, low-pass, band-pass and stop-band at system level
and at log-domain transistor level. For simplicity, the term A0 has been considered
zero.

In order to obtain the characteristics in Fig. 6, both the linear and the log-domain
CNN have been “loaded” with a state consisting of a spatial impulse of 10 mV on one
cell, all the other cells having zero state. In this way the initial condition contained
all spatial frequencies with equal weights.
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a) a′)

b) b′)

c) c′)

d) d′)

Fig. 6. High pass, band-pass, low pass respectively stop-band spatial frequency character-

istics for linear OTA (a, b, c, d) and log-domain transistor level implementation (a′, b′, c′, d′).
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The system level and log-domain filter parameters are presented in the table below:

Cell Filter Freq.

Implementation type

implementation type characteristic

Log-domain transistor System
level filter level filter

Filter coefficients
IX0 IA0 IA1 IA2 A1 A2

Fig. 5
FTS Fig. 6a/a′ 2 nA 0 1 nA 0 1 ns 0
FTB Fig. 6b/b′ 2 nA 0 0 1 nA 0 1 ns

Fig. 4
FTJ Fig. 6c/c′ 2 nA 0 1 nA 0 –1 ns 0
FOB Fig. 6d/d′ 2 nA 0 0 1 nA 0 –1 ns

In Fig. 7 the dynamics of the time evolution of the spatial frequency character-
istic for high-pass and band-pass architectures for the system level and log-domain
transistor level are presented.

a) a′)

b) b′)
Fig. 7. Time evolution of the spatial frequency characteristics for a high-pass (a, a′)

and band-pass (b, b′) CNN filter at system and log-domain transistor level respectively.

An example of edge detection using a high-pass filter realized with an ideal and
log-domain architecture is shown in Fig. 8, the input state being a 10 mV amplitude
square spatial signal; the transient has been stopped in both cases after 53 us. It is
apparent that the responses of the two implementations are almost identical.
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a) b)

c) d)

Fig. 8. Edge detection using ideal (a) and log-domain (b) implementations.

Time evolution (c, d) for a square spatial input signal in both case.

6. Concluding remarks

The spatio-temporal behavior and log-domain implementation of a class of parallel
analog architectures has been investigated. Among the advantages of the log-domain
realization are the decrease of power consumption and silicon area aria and increase of
the dynamic range while the main disadvantage is the high technological dispersion
of the implementation. However, some recent results show a certain robustness of
the spatio-temporal dynamics even for rather high deviations of the parameters from
their nominal values. Last but not least, a significant aspect related to the design
of parallel architectures using exponentially voltage controlled current sources is the
need of keeping the transistors width as low as possible in order to minimize para-
sitic capacitance since the cell capacitance should be much higher than the parasitic
capacitance of each source.
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