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Abstract. Consider an arbitrary switching positive system whose
(discrete- or continuous-time) dynamics is defined by the matrix set .A.
The class of copositive Lyapunov functions called “polyhedral” is charac-
terized by necessary and sufficient conditions derived from the solvability
of some inequalities built with the matrices in A, and from the properties
of the row representatives of A. Duality is proven between the “polyhe-
dral” class and the already known class of “linear” copositive Lyapunov
functions (characterized by equivalent conditions derived from the proper-
ties of the column representatives of A). A numerical example illustrates
the utilization of two types of approaches, as well as the connection among
them.
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1. Introduction

Notations and nomenclature used for the presentation of this research are
provided in the Appendiz.

1.1. Research context
Consider a family of N positive linear time-invariant (LTT) systems

Yar 2/ (t) = AFa(t), a(ty) =m0 €RY; to,t €T, k=1,...,N, (1)
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with continuous-time (CT) dynamics, T = R, or discrete-time (DT) dynamics,
T = Z,, and the operator ( )’ acting accordingly. Matrices A¥ € R"*" are
essentially nonnegative and Hurwitz stable in CT case; nonnegative and Schur
stable in DT case. Systems (1) describe the dynamics of the arbitrary switching
positive system:

Sa: a'(t) = A"Oa(t), z(te) =x9 R, t >1ty, A={A'..., AN}, (2)

where v : T — {1,..., N} is the switching signal (piecewise continuous in CT
case). LTI systems (1) are called the “constituent systems” of system (2).

For the class of systems defined above by (1) and (2), several papers, such
as [9], [7], [8], [3], [10], [5], [6], have investigated Lyapunov function candidates
defined by linear copositive functions

n
L: R} >Ry, L(z) = Zuixi =ulz, u=1[ur...u,]" >0. (3)
i=1

Subsequently, the following noticeable result is available (see Theorem 4 in
[7], Theorem 25.16 in [10] for CT case, and Theorem 1 in [6] for DT case), which
points out the role of the column-structured strong linear inequalities built with
the matrices of A

WA < 0,k=1,...,N, (4-CT)

uT(A* -~ 1)< 0,k=1,...,N, (4-DT)

as well as the role of the column representatives of matrix set A (see Appendix).
All these column representatives A, € R"*", g € C, are essentially nonnegative
matrices in the CT case, and nonnegative matrices in the DT case, respectively.

Subsequently, their Perron-Frobenius eigenvalues Apax(A) are well defined, and
there exists a dominant eigenvalue:

= maé()\max(flg). (5)

4SS

Theorem 1. [Characterization of linear copositive Lyapunov functions [7], [10],
[6]]

Statements (i) — (iv) given below are equivalent.

(i) There exist common Lyapunov functions of form (3) for the constituent
systems (1).

(i2) The column-structured strong linear inequalities (4-CT) and (4-DT),
respectively, have positive solutions u > 0.

(iii) \* < 0 (CT), respectively \* < 1 (DT).

(iv) All column representatives of the matriz set A defined by (2) are Hur-
witz stable (CT), respectively Schur stable (DT).
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In our paper [12] we have shown that statements (i)-(iv) of Theorem 1 are
also equivalent to the solvability of the column-structured weak quasi-linear
inequalities

uTAF <ruT k=1,...,N, (6)

where u >> 0 is a positive vector and r < 0 (CT), respectively 0 < r < 1 (DT)
is a constant expressing the decreasing rate of the linear copositive Lyapunov
function (3).

Within the context of the results summarized by Theorem 1, Example 1 in
paper [8] studies the CT case of systems (2), defined by the matrices

1| -1 2 2 | =6 6
and proves that condition (4-CT) cannot be satisfied. The cited paper also

shows that the positive vector u = [5 2] verifies the CT case of the following
row-structured strong linear inequalities

Ay <0,k=1,...,N (8-CT)
for which the DT counter-part means the inequalities
(A" —Nu<0,k=1,...,N (8-DT)

Despite the similarity between condition (4-CT) and condition (8-CT), the
cited paper [8] gives no system theoretic interpretation to inequalities (8-CT).
Moreover, the cited paper claims that “for switched systems (in contrast with
the LTT case), these two conditions, i.e. (4-CT) and (8-CT), are not equivalent”.
This appears as an intriguing statement, once the properties exhibited by LTI
systems are expected to get generalized forms when operating with families of
LTT systems.

1.2. Paper objectives and organization

Our paper builds a broader framework for the qualitative analysis of switch-
ing systems (2), which is able to accommodate Theorem 1 and, concomitantly,
to reveal the role of the row-structured strong linear inequalities (8-CT) //
(8-DT) - that remained hidden for paper [8].

Our research covers both CT and DT cases of switching system (2), focusing
on two main objectives. The key instruments of the investigation are based on
the properties of row and column representatives of the matrix set A defined by
(2).

The first main objective is the study of the class of copositive Lyapunov
functions called “polyhedral” in paper [2] and “max-type” in our earlier work
[11], which are defined as

L:R} - Ry, L(z) = max {ﬂ}, u=[uy...u,]" >0, 9)

i=1,....,n L Ui

This study envisages two specific goals, namely:
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e Characterization of Lyapunov functions (9) by a set of equivalent condi-
tions expressed in terms of (u,r) pairs (with u = [u...u,])T > 0 and
r < 0 (CT), respectively 0 < r < 1 (DT)), which solve the row-structured
weak quasi-linear inequalities

Ay <ruk=1,..., N, (10)

o Existence of Lyapunov functions (9) correlated to the Perron Frobenius
eigenvalues of the row representatives of the matrix set A defined by (2).

The second main objective is the duality analysis between “polyhedral” (9)
and “linear” (3) copositive Lyapunov functions.

The remainder of the text is organized as follows. Sections 2 and 3 present
the results supporting the two main objectives, respectively. Section 4 illus-
trates the applicability of these results to the switching system considered in
[8], which is defined by the matrices reproduced in equation (7). For space rea-
sons, complete proofs cannot be given for the theorems presented by the current
article; therefore we just give brief indications for proof construction that rely
on adequate adaptations (mutatis mutandis) of some previous results of ours,
such as in [12], [11].

2. Characterization of polyhedral copositive Lyapunov
functions

The analysis to be developed by the current section for polyhedral copositive
Lyapunov functions is founded on a set of equivalent properties that are able to
outline the role of the specific algebraic instruments in exploring the dynamics
of switching system (2).

2.1. Use of row-structured inequalities

Theorem 2. [Characterization in terms of row-structured inequalities]

Letu = [uy ...u,]T >0, ||u||oc = 1, be a vector and r < 0 (CT), respectively
0<r<1(DT), a constant.

The following five statements are equivalent.

(i) The polyhedral copositive function (9) is a common Lyapunov function
for the constituent systems (1) and it satisfies the inequality

Df L(x(t)) = lhif(}% (L(x(t+h)) = L(x(1)) <rL(x(t)),// (11-CT)

L(z(t+1)) <rLx(t)), (11-DT)

along each nontrivial trajectory of the arbitrary switching system (2).
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(it) The contractive sets

X(est,ty) = {x € Rz < ewzem 10 = 1,...,n} ,e>0, t,tg e Ry, //
(12-CT)

X(e;t,tg) = {:r ERY[z; <euyrth) =1, ,n} ,e>0, titg € Zy,
(12-DT)
are invariant with respect to the trajectories of the arbitrary switching system
(2).

(iit) The following matrixz inequalities hold true for U = diag{uy, ..., u,}:

too(UTTA*U) <1k =1,...,N,// (13-CT)

[ UTrA*U||oo <7 k=1,...,N. (13-DT)

(iv) The pair (u,r) satisfies the row-structured weak quasi-linear inequalities
(10).

(v) The row-structured strong linear inequalities (8-CT) // (8-DT) have
positive solutions.

Proof. We notice that function £ defined by (9) can be written as L(z) =
||[U12||o. Similarly, the contractive sets defined by (12-CT) // (12-DT) can
be described as

X(et o) = {x ERY| U 2]l < ger(t—fo)} e>0, t.to € Ry, // (14-CT)

X(est,to) = {x ER"| ||[U 2|0 < z—:r(t’to)} e>0, ttg € Zo. (14-DT)

We can use the results presented by Proposition 1 in our previous work [12]
(that refers to function £(x) of form (3) and column-structured inequalities);
after appropriate transformations these results may handle weighted matrix
norms induced by the vector norm || ||o. The connections between points (i),
(ii) - expressing dynamic properties of the system trajectories, and points (iii),
(iv), (v) - expressing algebraic properties of the system matrices, are addressed
along the key lines, mutatis mutandis, which guide the proof of Theorem 3 in
[12]. O

Remark 1. [Weak quasi-linear versus strong linear inequalities] Points (iv)
and (v) of Theorem 2 have been separately formulated, despite their similarity,
because we aim at an individual targeting of strong linear inequalities of type
(8-CT) // (8-DT), whose implication in stability testing remained hidden for
paper [8], as mentioned in the introductory section.
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2.2. Use of row representatives

Based on the above result, we are able to reveal the role of the row rep-
resentatives of the matrix set A defined by (2). For any label o € C, the row
representative A, € R™*" is (essentially) nonnegative and the Perron-Frobenius
eigenvalue A\pax(A4,) is well defined (see Appendix); therefore we can introduce

A= maé(Amax(Ao)aQ* = {0* eC |Amax(A 0'*) = A*}a (15)

- oce

where \* represents the dominant eigenvalue of the row representatives of A
defined by (2), and C* is the set of labels associated with \*.

Theorem 3. [Characterization in terms of row representatives]

The following statements are equivalent:

(i) There exist u = [uy ... uy]T >0, ||u||oo = 1, and r < 0 (CT), respectively
r <1 (DT) that satisfy statements (i)—(v) of Theorem 2.

(i1) A < 0 (CT), respectively A* <1 (DT).

(ii3) The row representatives of A are Hurwitz stable (CT), respectively
Schur stable (DT).

Proof. We can use the results presented by Propositions 2, 3 and 4 in our
previous work [12] (referring to the column representatives of A (2), which are
associated with function £(x) of form (3)); after appropriate transformations
these results may handle the row representatives of A (2). Then, we exploit the
dominant eigenvalue defined by (15) to show that the inequality A* < 0 (CT
case), and \* < 1 (DT case), respectively, represents a necessary and sufficient
condition for the solvability of inequalities (10). O

Remark 2. [Row- versus column-representatives| Theorem 3 provides condi-
tions for the existence of polyhedral copositive Lyapunov functions (relying on
the row representatives of A), which are of the same type as those known from
literature for linear copositive Lyapunov functions (relying on the column repre-
sentatives of A). In other words, at the level of the whole section, the equivalent
statements of our Theorems 2 and 3 create a scenario of similar nature, but
complementing the requirements of Theorem 1 (that was presented in the intro-
ductory part of the article as the starting point for our research).

Remark 3. [Construction based on Perron-Frobenius eigenstructure] In the
absence of a detailed proof for Theorem 3, we just mention that the construction
of polyhedral copositive Lyapunov functions can use the Perron-Frobenius theory
applied to the row representatives. Propositions 3 and 4 in [12], transformed so
as to operate on row- instead of column-representatives, prove that the Perron-
Frobenius eigenvector associated with the dominant eigenvalue (15) may define
a Lyapunov function of form (9), once condition (ii) of Theorem 3 is fulfilled.
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3. Duality of the “polyhedral” and “linear” approaches

Consider the dual system of the arbitrary switching system (2), described

by
EB : y/(t) = Bv(t)y(t)7 y(to) = yO 6 Riv t Z tO? (16)

B={B',...,BN}.B"=(A"T k=1,..,N.
Theorem 4. [Duality result]

The polyhedral copositive function (9) is a Lyapunov function for system (2),
if and only if the linear copositive function (3) is a Lyapunov function for dual
system (16).

Proof. From Theorem 2, the existence of Lyapunov function (9) for system
(2) is equivalent to “u > 0 solves A¥u < 0, k = 1,..., N (CT), respectively
(A*—DNu<0,k=1,...,N (DT)”. From Theorem 1, the existence of Lyapunov
function (3) for system (16) is equivalent to “u > 0 solves u”(A*)T < 0,
k=1,...,N (CT), respectively uT (A¥)T —I) < 0,k=1,...,N (DT)". 0O

Remark 4. [Stability test based on conditions (4-CT) // (4-DT) or (8-CT)
// (8-DT)]| The proof of Theorem 4 guarantees that the same vector v > 0 can
be used for the construction of the Lyapunov function (9) (respectively function
(3)) for system (2) (respectively system (16)). As a matter of fact, if one can
prove that either Theorem 1 or Theorem 8 works for the primal system (2), then
the global exponential stability is ensured for the equilibrium {0} of both the pri-
mal system (2) and the dual system (16). In terms of dominant eigenvalues,
this means that a test using either A* < 0, (CT case), and A* < 1 (DT case)
respectively — associated with the row representatives, or \* < 0 (CT case), and
N <1 (DT case), respectively — associated with the column representatives, en-
sures the stability of primal and dual systems, concomitantly. In other words, a
stability test for system (2) must incorporate both conditions (4-CT) // (4-DT)
and (8-CT) // (8-DT), fact which elucidates the uncertain aspects of the remark
in paper [8] (mentioned in the introductory section), where the comparative anal-
ysis between inequalities (4-CT) // (4-DT) and inequalities (8-CT) // (8-DT)
was incomplete.

4. Illustrative example

Consider the switching system (2) defined by matrices A', A? reproduced
by equation (7) in the introductory section, which were previously used by an
example in paper [8]. The dominant eigenvalue of the row representatives is
A= —0.2679, corresponding to matrix A4,. = Al labeled by ¢* = (1,1). Sub-
sequently, one can use Theorem 3 and Remark 4 in order to prove that the
equilibrium {0} is globally asymptotically stable for both the primal system (2)
and the dual system (15). Obviously, this result balances the inefficiency of the
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test based on A\*=0, which simply shows (as commented in paper [8]) that Theo-
rem 1 fails as a sufficient condition applied to the considered system. Moreover,
in accordance with Remarks 3 and 4, the Perron-Frobenius right eigenvector of
matrix A,. = A!, namely u = [1 O.3660]T corresponding to A*= — 0.2679, can
be used to define the function £ : RZ — Ry, L£(z) = max{z1, 2/0.3660},
which is a polyhedral copositive Lyapunov function for primal system (2), as
well as the function £ : R2 — Ry, £(z) = z1 + 0.3660z2, which is a linear
copositive Lyapunov function for dual system (16). For the discussed vector u,
one can simply verify that row-structured strong linear inequalities (8-CT) are
satisfied.

5. Conclusion

Our results on Lyapunov functions for arbitrary switching positive systems
yield a qualitative-analysis framework where the row- and column-representatives
offer key instruments for dealing with two classes of candidates, namely (i) poly-
hedral and (ii) linear. The existence of Lyapunov functions belonging to class (i)
(respectively (ii)) is related, by equivalence, to the placement of the dominant
eigenvalue of the row (respectively column) representatives. If such Lyapunov
functions exist, then their construction may use the right (respectively left)
Perron-Frobenius eigenvector associated with the dominant eigenvalue. The
duality of the approaches based on the two classes ensures the applicability of a
result to the primal system, concomitantly with the applicability of the paired
result to the dual system.
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Appendix (notations and nomenclature)

(Essentially) nonnegative and positive matrices [1]. e A rectangular
matrix X = [z;;] € R™™ is called: nonnegative (notation X > 0) if X €
RY ™M 25 >0,i=1,...,n,j=1,...,m; semi-positive (notationX > 0) if
X >0 and X # 0; positive (notationX > 0) if X € Int(R}*™) & z;; > 0,
i=1...,n, 7 =1,....,m. e A square matrix X = [z;;] € R"*" is called
essentially nonnegative (positive) if x;; > 0, (x;; > 0), 4,7 =1,...,n,1 # j.

Figenstructure of (essentially) nonnegative matrices [1]. @ Let M €
R™ ™ and let A;(M), i = 1,...,n, denote its eigenvalues. M nonnegative has
a real eigenvalue A\pax(M) such that [N(M)| < Apax(M), i =1,...n. M
essentially nonnegative has a real eigenvalue Apax (M), such that Re{\;(M)} <
Amax(M), i = 1,...,n. M (essentially) nonnegative has a nonnegative right
eigenvector wr(M) > 0, satisfying ||{wr(M)||c = 1, and a nonnegative left
eigenvector wr, (M) > 0, satisfying ||wr(M)||ec = 1, that correspond to the
eigenvalue Apnax(M). M (essentially) nonnegative and irreducible (i.e. its
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associated graph is strongly connected) has Apax(M) simple eigenvalue and
wr(M) >0, w (M) > 0 (Perron-Frobenius eigenstructure).

Matrixz norms and measures [4]. Let p € {1,00} e For a vector z =
[z1...2,]7 € R™, ||z||, denotes the Hélder vector p-norm; in particular ||z ||; =
Sl 2l = i_rrllaxn{\aci| }. e For a matrix M € R™*™ ||M]||, denotes

the matrix norm induced by the vector norm || ||,; in particular ||M ||; =
max (S0 fmag ) (1M oo = max {7 fmgl} (M) = lim (17 +

1<j<n 1<i<n
hM]||, — 1) is the matrix measure based on the matrix norm || ||p; in particular

(M) = max {mjj + i \mij|}7 oo (M) = max {m + Imijl}

Row / Column representatives of a set of matrices [13]. Let M =
{Ml,...,MN} C R™™™ be a set of matrices. For a function o : {1,...,n} —
{1,..., N} denote by 0 = (o(1),...,0(n)) the corresponding n-tuple and denote
by C the set of all the n-tuples with elements from {1,..., N}.e For any o € C,
we construct the matrix M € R™ " whose first row is the first row of M)
(denoted as [M?(M)](, ), second row is the second row of M?(2) (denoted as

(M7,
[M?®](,.)), and so on, that is M, = | ... € R™*”. A matrix
[M‘T(")](n’;)
M, € R"™" ¢ € C, constructed as above is called a row representative of the
matrix set M. We say that ¢ € C labels the row representatives. e For any o €
C, we construct the matrix M, € R™*" whose first column is the first column of
M@ (denoted as [M?M]. 1)), second column is the second column of M7
(denoted as [M?)](. 5)), and so on, that is M, = [[M7W]. ;) .. [M7™] )] €
R**" A matrix M, € R"*", ¢ € C, constructed as above is called a column
representative of the matrix set M. We say that ¢ € C labels the column
representatives.

Acronyms. CT — continuous time, DT — discrete time, LTI — linear time
invariant.

Notation. “X //Y” is used in place of ”X [respectively Y]” for a compact
writing of CT // DT statements.
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