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Abstract. The paper pertains to the field of Combinatorics on words. We
introduce the notion of elementary alphabet of a language as the natural gener-
alization of the combinatorial alphabet introduced in [10]. By analogy with the
famous Ehrenfeucht conjecture, we prove a compactness property of all words in
a language, namely, that any language has a finite elementary test-set. Then we
show that the class of all elementary sets of a regular language can be effectively
constructed. As a consequence, it is decidable whether a given finite part of a
regular language is an elementary test-set for that language.

Key-words: combinatorics on words, combinatorial dimension, combina-
torial alphabet, elementary alphabet, elementary test-set.

1. Introduction

The terminology and notations used in this section can be found in the Prelimi-
naries section below.

We briefly outline the importance and usefulness of the notion of combinatorial
degree by two facts:

— this notion allows a formalization of the well known defect effect, which is con-
sidered to be folklore knowledge in mathematics [2].

— notions of elementary set and elementary morphism were introduced based on
the combinatorial degree. It is worth mentioning that these notions are impor-
tant ingredients of an elegant proof of the DoL equivalence problem in [3].
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Unlike the case of other algebraic ranks (see [2] for example), the problem of com-
puting the combinatorial degree of a given finite language is a very difficult problem.
In [8] and [9] the following results were proven:

Theorem 1. (i) The problem of deciding, for a finite set L C ¥* and for a given
integer k > 3, whether d(L) < k is NP-complete.

(i) The problem of deciding whether a given finite set is not elementary is NP-
complete.

(iii) For k = 2 the problem (i) can be solved in time O(nlog>m) where n =
sizeof (L) and m = max{|w| |w € L}.

Due to these complexity results, algorithms for computing the combinatorial de-
gree of a language or for finding a combinatorial alphabet of a language do not appear
in the literature. The first paper that defines the class of all combinatorial alphabets
of a language and investigates its properties is [10]. The same paper introduced
the notion of combinatorial test-set (by analogy with the famous notion of test-set),
proved a compactness property of words and tried to find some relations with the
famous Ehrenfeucht conjecture.

The present paper has three main purposes:

— To introduce the notion of elementary alphabet of a language and to investigate
the main properties of the class of all the elementary alphabets of a language.

— To prove that any language (not necessarily regular) has a finite elementary
test-set (this result generalizes the result for combinatorial test-sets presented
in [10]).

— To prove that for regular languages the class of all elementary sets can be
effectively constructed and some problems regarding elementary alphabets are
decidable.

2. Preliminaries

2.1. Basic Terminology, Notations and Definitions

Throughout the paper ¥ will denote a finite nonempty set called alphabet, and X+
and X* will be the free semigroup and the free monoid generated by ¥. The elements
of ¥* will be called words and any set of words will be called a language over ¥. The
empty word will be denoted by A. For a word w we shall denote its length by |w| and
we shall write it by letters w = w[l]w[2] ... w[|w|], with w[1],w[2],...,w[|w]|] € E. For
L, Ly, Ly C¥*: LiLy = {z129 | 21 € L1, 2 € Lo}, L° = {\}, and for any positive

n oo
integer n: L™ = LL"" ', Ls" = |J L¥, L=" = | L%, L* = |J L™ For a finite
k=0 k=n n>0

. fwl.

weL

language L we denote sizeof (L)
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The combinatorial degree or rank or dimension of a language L, [5], is the positive
integer
d(L) = min{card(A)|[A C X", L C A*}.

It follows immediately from the definition that d(L) < card(X) and if Ly C Ly then
d(L1) < d(La).

We say that the elements of a set A C ¥* satisfy a nontrivial relation iff there
exists a word w € A* which has two different factorizations over A.

A language C' C ¥*is called a code if any w € C* has a unique factorization over
C. Sometimes when we want to point out one or more of the factors in the unique
factorization of w over C, we shall use ”-” before and after the respective factors. For
example if we want to point out the factor v in w = uvxy we shall write w = u-v - zy
where u,zy € C* and v € CT.

If C is a code and a € C*, the set of the words from C that appear in the
unique factorization of a over C' will be called the alphabet of « over the code C' and

will be denoted by alphc(a). For L C C*, the set |J alphc(a) will be called the
a€cl
alphabet of the language L over the code C and will be denoted by alphc(L). In the

particular case C' = ¥ we shall write simply alph(a) and alph(L) instead of alphs ()
and alphy(L).

An A C ¥* for which d(A) = card(A) is called an elementary set. We shall denote
the set of all the subsets of £* which are elementary sets by £(X*). It is obvious that
each elementary set is a code.

For a set M we denote P (M) the set of all the subsets of M and Py, (M) the set
of all the finite subsets of M.

If X is a nonempty set and ¢ : X — ¥* we shall denote by ¢* the unique
extension of ¢ to a morphism of monoids from X* to ¥*.

For a partially ordered set (M, <) we shall denote with Min(M) and Max(M)
the set of all minimal elements of M and the set of all maximal elements of M.

A subset T of a language L C ¥* is called a test-set of L if:

VA#OYf,g: 82— A" (f*|lL=9"L < f*|lr = 9"|r)
that is if two morphisms defined on ¥* agree on T', then they agree on L.

Theorem 2. (Ehrenfeucht Conjecture) For any language there exists a finite
test-set.

A deterministic finite automaton, DFA for short, is a quintuple M = (Q, X, §, qo, F),
where:

@ is the finite nonempty set of states;

3. is the finite nonempty set of input symbols - the input alphabet;
0:Q x X — Q is the state transition function;

qo is the starting/initial state;

F C Q is the set of final states.

For convenience, we define a natural extension of § namely 6* : Q x ¥* — Q
inductively as follows 6" (¢, A) = ¢ and 6" (g, wa) = §(6" (¢, w),a) for ¢ € Q, a € ¥ and
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w € ¥*. The language accepted/recognized by the DFA M, denoted L(M) is defined
as follows:

L(M) ={w|w e ¥* §(q,w) € F}.

Two DFAs are called equivalent iff they recognize the same language.

For all the notations and definitions above the reader is referred for example to
[11], [2] and [4].

We shall also use in the present paper the following definitions introduced in [10]:

— A combinatorial alphabet of the language L is a subset A of ¥* for which L C
A* and card(A) = d(L). The class of all the combinatorial alphabets of the
language L is denoted by CA(L), therefore

CAL)={A|ACXY*, LC A", card(A) =d(L)}.

— A minimal elementary set is any A C ¥* for which CA(A) = {A}. It is obvious
that a minimal elementary set is an elementary set and that ¥ is a minimal
elementary set.

— A minimal combinatorial alphabet of the language L is a combinatorial alphabet
of L which is a minimal elementary set. The class of all the minimal combina-
torial alphabets of L is denoted by MinCA(L).

— A mazimal combinatorial alphabet of the language L is a combinatorial alphabet
A, for which
VBeCA(L)(LCB*CA*"= A=0B).

The class of all the mazimal combinatorial alphabets of L is denoted by MaxCA(L).

— A combinatorial test-set for the language L is a subset L’ of L for which CA(L) =
CA(L).

2.2. New Definitions and Notations

Besides the definitions and notations mentioned above, we shall introduce and use
in the present paper the following ones:

Definition 1. An elementary alphabet of the language L is an elementary set E
such that L C E* and alphg(L) = E.

This is a natural generalization of the notion of combinatorial alphabet of a lan-
guage. The idea is to allow/consider also other intermediary levels of atoms/bricks
— indivisible units — in the construction of a language, not only the lowest level of
the alphabet 3 and the highest level of the combinatorial alphabets. We materialized
this idea by relaxing the tough condition card(E) = d(L) (which, provided L C E*,
implies that F is an elementary set, that alphg(L) = E and that d(E) = d(L)) by
replacing it only with: E elementary set and alphg(L) = E. Therefore, an elementary
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alphabet E of the language L over ¥ can have any combinatorial dimension between
d(L) and card(X).

The class of all the elementary alphabets of the language L will be denoted by
EA(L), therefore

EA(L) = {E ‘ E C X", card(E) = d(E), }

L C E*, alphp(L) = E

For ¢ € {<,<,=,>,>} and k € N we shall use the following notation:
EAw(L)={FE | E € EA(L), card(E) o k}

If o is 7 =7 then we shall write simply £Ax(L) instead of EA_(L).

Remark 1. The following properties are obvious or follow immediately from the
above definitions:

1. EAyry(L) = CA(L)

2. (CA(L),=) C (EA(L), =) as partially ordered sets, with ” <7 C £(X*) x £(Z*)
defined as in [10] : A < B < &l pc A

Vk < d(L) (EAL(L) =0)
Vk > card(alph(L)) (EAR(L) = 0)
VE € EA(L) (d(L) < card(E) = d(E) < card(alph(L)))
Vk#1eN (EA(L)NEA(L) =0)

card(alph(L))

7. EA(L) = U EAL(L) is a finite union of finite and pairwise disjoint
k=d(L)

&S o W

sets.
8. if: L1, Ly C¥*, d(L1) = d( Lo) = d, card(alph(L1)) = card(alph(Ls3)) = o
then: for each k =d, o

(’L) EASk(Ll) = SASk(LQ) <— Vi <k (5«4 ( )

=EA(L ))
(i) EA<p(Ly) C EAcp(La) == Vi <k (EA(Ly) C EA(L

Definition 2. An elementary test-set for the language L is a subset L’ of L for
which EA(L) = EA(L).

3. Some useful lemmas
The well known defect effect will be extensively used in this paper. It can be

formalized in many interesting ways, see for example [2]. To be more specific, for our
purpose, we shall state the most common formalization of the defect effect:
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Theorem 3. If a finite set X C ¥* has the property that its elements satisfy a
nontrivial relation, then there exists a set’ Y C ¥* such that card(Y) < card(X) and
Xcy".

In this section we shall prove some lemmas that will be used later. Another
reason for mentioning them as standalone results is that we think they may be useful
by themselves as they are fundamental properties of elementary sets.

Lemma 1. If E is an elementary set with n > 2 elements and u,v € E, then
E' = (E — {u,v}) U {uv} is an elementary set with n — 1 elements and E < E’.

Proof. 1t is obvious that £/ C E*. Suppose, to the contrary, that E’ is not
elementary. Then, according to the defect effect, 3X C ¥* (E' C X*, card(X) <
n—2). Let A € CA(X) and wv = ajas--- oy the unique factorization of uv over
A It <k (u=aoias -y, v =aq41- - ), then d(E) < n — 2 and we have got
a contradiction. If 3l < k (v = cqas---y_10g, v = o oy - - oy, aja) = a; and
aj,af #X), then E C ((A—{a})U{a),af})* and therefore d(E) < n — 1 and again
we have got a contradiction, hence we have to conclude that E’ is elementary. a

Lemma 2. If E is an elementary set and u,uwv € E, then E' = (E — {uv}) U {v}
is an elementary set and E' < E, moreover E' € CA(E).

Proof. Tt is obvious that E C (E’)". Suppose, to the contrary, that E’ is not
elementary. Then, according to the defect effect, 3X C ¥* (E' C X*, card(X) <
card(E'")). Therefore we have card(X) < card(E') = card(E) and E C (E')" C X*
and we contradicted the elementarity of E.

Finally, let us prove that alphp/ (E) = E’. Assuming, to the contrary, that
alphg (E) C E' it follows that uwv € (E — {uv})* which contradicts the elementarity
of E. O

Lemma 3. If E is a minimal elementary set and card(E) < card(alph(E)), then
for each w = wv € E with u,v # X the set E' = (E — {w}) U{u,v} is an elementary
set, B' X E and alphg (E) = E' and therefore E' € EAcqra(p)+1(E).

Proof. First let us notice that card(alph(E)) > card(F) = 3w (Jw| > 2). Let
w = uv € E with u,v # \. Obviously, E C (E')” and card(E') = card(E)+1 (indeed
if u=w, then E C ((E — {w})U{u})" therefore E is not minimal and we have got
a contradiction). Let us prove now that E’ is elementary. Suppose, to the contrary,
that it is not, then, according to the defect effect, 3A (E' C A*, card(A) < card(E)).
If card(A) < card(FE), then d(F) < card(E), which is a contradiction. If card(A) =
card(E), and then from E C A*, card(A) = card(E) and d(E) = card(E) it follows
that A € CA(E) but A # E (because obviously sizeof(A) < sizeof (E)) therefore E
is not minimal, contradiction.

Finally, let us prove that alphg (F) = E’. Supposing, to the contrary, that
alphg (E) C E’ it follows that at least one of the following statements: (i) 3z € E’
(x ¢ alphgp (E)) or (ii) (u ¢ alphg (E)) V (v ¢ alphg: (E)) is true. We shall prove that
both of them contradict the minimality of E. If (i) holds, let ' = E' — {z}. We have:
F elementary, x € F*, E C F* F # E and card(F) = card(E) therefore F € CA(E)
and F' # E which tells us that E is not minimal. If (ii) holds then let us suppose that
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u ¢ alphg (E) (the case v ¢ alphg/(E) can be treated similarly). Let F = E' — {u}.
We have: F elementary, w € F*, E C F* F # E and card(F) = card(E) therefore
F € CA(E) and F # E which tells us again that E is not minimal. O

Lemma 4. If card(L) < oo then card(EA(L)) < oco. Implicitly EA(L) and, for
any k, EAR(L) are finite.

Proof. Obviously card(PSsizeoﬂL)(nga"“w”“’e”)) is a rough majorant for

card(EA(L)). 0

Lemma 5. If Ly C Lo then:

1. VEe€EA(Ly)JA€ EA(L1) (ACE)

2. Max(EA(L1)UEA(L2)) € Max(EA(L1))

3. Min(EA(L1) UEA(Lg)) = Min(EA(L2)) = {alph(La)}.

Proof. We shall prove the first claim; the second follows immediately from the
first; the third one is obvious. Let E € EA(Ly) i.e. Ly C E*, E is an elementary set
and alphg(L2) = E. We have L; C Ly C E* therefore L1 C E*. Let A = alphg(L1),

obviously we have A C FE, A elementary set (as a subset of an elementary set),
Ly C A* and alpha(L1) = A therefore we have also A € EA(L,). a

Lemma 6. If Ly C Ly , d(Ly) = d(L2) = d and o = card(alph(Ly)) =
card(alph(Ls)) then for each k =d,o — 1

E-Agk(Ll) = gASk(LQ) - 5Ak+1(L1) B 8Ak+1(L2).

Proof. Let k € {d,d+1,...,0 — 1} such that EA<y(L1) = EA<i(L2) and let
E €. EA<p11(L2). Let A € EA(Ly) with A C E (there exist such an A according to
the previous lemma). If card(A) < card(E) then A € EA<(L1) (because card(E) =
k + 1) therefore A € EA<y(L2) so alphg(Ls) = A ¢ E which is in contradiction
with E € £A(Ly) and therefore we must have card(A) = card(F) therefore E = A €
8A§k+1(L1) and therefore E.Agk_t,_l(Lg) Q £A§k+1(L1). O

Lemma 7. If Ly C Ly C L3 and EA(L1) = EA(L3), then EA(L1) = EA(Ly) =
EA(Ls).

Proof. From EA(L,) = EA(Ls) it follows alph(L1) = alph(Ls), d(L1) = d(L3)
and Vk (S.Ak(Ll) = 5Ak(L3)) From L1 - L2 - Lg, d(Ll) = d(Lg) and alph(Ll) =
alph(Ls3) it results d(L1) = d(Ls) = d(Ls) and alph(L1) = alph(Ls) = alph(Ls3); let
us denote by d and by m the common combinatorial dimension of the languages L,
Lo and L3 and respectively the cardinality of their common alphabet over ¥. Now
let us prove inductively that Vk = d,m (EA(L1) = EAk(L2)):

Basis: “k=d”

L, C Ly and d(Ly) = d(Lz) implies CA(L;) 2 CA(Lq) (see [10]).
Ly C L and d(Lg) = d(L3) implies CA(L2) D CA(L3) (see again [10]).
Since we have also CA(L;) = CA(Ls3) it follows CA(L1) = CA(L2).
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Inductive step: “6 — k + 1” Using lemma 6, statement 2:
Ll Q L2 and gAk(Ll) = EAk(LQ) 1mphes 5Ak+1(L1) 2 5Ak+1(L1).
L2 Q L3 and gAk(LQ) = g.Ak(Lg,) implies gAk+1(L2) 2 gAk+1(L3).
Since we have also EAg11(L1) 2 EAg+1(L3) it follows EAgy1(L1) = EAg11(L2). O

Lemma 8. “A kind of transitivity”.
1. By € EA(L) & E2 € EA(E) = Es € EA(L) (or obviously equivalent VE €
EA(L) (EA(E) CEA(L))).
2. By € EAR(L) & Ey € EA(Ey) = Eo € EAI(L) for each k = d(L), card(alph(L))
and l = k,card(alph(L)).

8. For any k the following relations hold:

Min(EAL(L)) = {E|E € AL(L) & E minimal elementary set} =
= J Min(CAE))

EE€EAL(L)

Proof. 1. Obviously E, is an elementary set and L C E} C E3 therefore it suffices
to prove that alphg,(L) D E,. Let a € Es, since alphg,(E1) = FEs it follows that
there exists a u € F; such that a occurs as a factor in the unique factorization of
u over Es. Since alphg, (L) = E; it follows that there exists a v € L such that u
occurs as a factor in the unique factorization of v over F;. Finally, since the unique
factorization of v over Ey is a refinement of the unique factorization of v over Fy it
follows that a occurs as a factor in the unique factorization of v over Es therefore
a € alphg,(L).

2. The second statement results immediately using claim 1.

3. The third statement follows immediately from the definitions. a

Lemma 9. The “nontriviality of EAk(L)”.

1. k < card(alph(L)) & EAR(L) # 0 = EAk41(L) # 0.

2. Vk = d(L), card(alph(L)) (EAR(L) # 0) and therefore
card(alph(L))
EA(L) = U EAL(L) is a finite union of nonempty, finite and pairwise
k=d(L)
disjoint sets.

Proof. 1. Let E € EAL(L) and A € MinCA(E). We have card(4) = k <
card(alph(L)) and alph(A) = alph(E) = alph(L) therefore card(A) < card(alph(A))
and therefore 3o € A (|a] > 2). Let o« = wv with u,v # A. Let X = (A—{a})U{u,v}.
According to lemma 3: X is an elementary set, A C X, card(X) = card(A) + 1
and alphx(A) = X. So we have: X € EAj41(A) therefore X € EA(A) and from
A € MinCA(E) C EA(E), according to lemma 8, it follows X € £A(E), but since
E € EA(L), again according to lemma 8, it follows X € EAp41(L).

2. It results inductively from @) # CA(L) C EA(L) and claim 1. O
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4. Any language has a finite elementary test-set

The notion of compactness is fundamental in Topology and generally in Mathemat-
ics. Let (X, T) be a topological space. An open covering of X is a collection/family
of open subsets of X which union is equal to X. The space X is said to be compact iff
every open covering of X contains a finite sub-collection/sub-family still covering X.

In a more general context, a compactness-type property works as follows: if usually
a certain characteristic of an object Y can be described in an “infinite manner”, then,
when Y has an appropriate compactness property, this property grants the existence
of a finite manner of describing that characteristic of Y.

At the beginning of 1970s, A. Ehrenfeucht stated a famous conjecture namely
that each language has a finite test-set. This compactness property of words re-
mained open for more than a decade and was solved affirmatively by M. H. Albert
and J. Lawrence, and independently, by V. S. Guba in 1985. This is one of the most
important compactness properties in Formal Languages Theory.

We shall prove in this section a compactness property of words, which seems
interesting, namely that any language, not necessarily regular, has a finite elementary
test-set.

Theorem 4. Each language has a finite elementary test-set.

Proof. Tt is obvious that for a finite language L a finite elementary test-set is L
itself.

Let L be an infinite language with d = d(L) and o = card(alph(L)). Let
(Ln)pen € Pyin(X¥) such that L, L i.e.

LiCLyC...CLyCLynC...C |JLn=L. (1)
neN

Obviously there exists such a sequence, for example L,, = LN X=". We shall find
0 —d+1ranks, n; <ng <...<Ny_g+1, such that

Vi=1l,o0—d+1 VYn>n, (5A§d+i_1(Ln) = 5A§d+i—1(L))
and for concluding the proof we must notice that each finite part Ly of L which
contains Ly, _, , verifies EA(Ly) = EA(L).
Let us find these ranks inductively as follows:

— following the proof of Theorem 9 from [10] we find n; such that

Vn >ny (EA<a(Ln) = CA(Ly) = CA(L) = EA<q(L))

— supposing we found n; with i < o —d+1, let us find n;41. So we assumed that

EA<ati-i(Ln,) = ... = EA<ario1(Ln) =
= €A§d+i71(Ln+1) =...= S-ASdJrifl(L) .
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According to lemma 6 we have:

DEAG+i(Lng1) 2 ... 2 EAG4(L)

but, according to lemma 4, card(EAg4i(Ly,)) < oo therefore the decreasing
sequence of positive integers (card(EAq+i(Ly))) is constant beginning with
a certain rank n;41 > n; and therefore

n>n;

Vn > nipy (EAari(Ln) = EAayi(Ln,,,) 2 EAqri(L)) . (2)

Let’s prove now that we have also EAq1i(Ln,,,) € EAi(L).

Let E € EAqyi(Lp,,,). We shall prove that £ € EAqyi(L) i.e. (i) E elementary
set and card(E) = d +14; (ii) L C E*; (iil) alphp(L) = E.

(i) is obvious.

(ii) Let w € L, from (1) it results that 3In, Vn > n, (w € L,), from (2) it

follows Vn > n; 1 (B € EAqri(Ln)) therefore w € Lyax C E* and
therefore L C E*.

(iii) Supposing, to the contrary, that alphg(L) = A & E then from 1 it results
Ly, ., €L C A* which is in contradiction with £ € £Aq;(L ) because A is
a proper subset of I/ such that L,, , C A*.

Consequently we obtained Vn > n;11 (EAgti(Ln) = EAgri(L)). O

Nif1,Mw)

MNi41

5. Computing the class of elementary alphabets
for regular languages

Lemma 10. If A is an elementary set over & and ua*v C A* where u,y € ¥*;
a € XF then (38,7 € %) (o= B, 78 € AT) and moreover if one of u and v is A
then o € AT,

Proof. (i) Case u = v = A. Obvious.
(ii) Case u = X and v # A. Let us assume o ¢ A™.
(ii.1) Case a? € AT, Let

V=21 -9 ... " Tf
QU = Q1 Qg ... QY1 Y2 ..t Y] (3)
a?=8,-By ... B,

k7l7’f',82 1a Qr, Y1 7&)\

be the unique factorizations of v, av and a? over A. We define B = {z1, za, ..., 7k,
Y1,Y2, .-y} and D = {aq, 9, ..., 0, B1,09,...,8s}. Let us notice that since o ¢
AT therelation v = x125 ... 2 = Y192 . .. y; is a nontrivial one, therefore, according to
the defect effect there exists B’ C 31 such that B C (B’)" and card(B’) < card(B).
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Let us also notice that, again since o ¢ AT, the relation o =o1an ... 0000 . .. 0y =

B1Bs . .. B, is nontrivial. Therefore, according to the defect effect there exists D’ C T
such that D C (D")* and card(D’) < card(D). We define

A =[A=((B={n}) V(D —{ar}) U{apyn })]U(B'UD).

Obviously we have A C (A")" and card(A’) < card(A), which contradicts the fact
that A is elementary.
(ii.2) Case a® ¢ AT, Let

V=21 22" ... Tk
AV =01 Qg ... QpY1 Y2 ... Yp (4)
a?v =01 By ... Bez1 22 .. 2

k,l,m,r,s > 1; arayl,ﬁs»zl # A

be the unique factorizations of v, av and a?v over A. As above, considering B =
{z1,22, ..., TkyY1,Y2, - -, Y1}, there exists B C 1 such that B C (B’)" and card(B’) <
card(B). Let v = tita...t, be the factorization of v over B’ resulting from the
merger of the delimitation points of the factorizations of v and av from (4). We
define C = {t1,t2,...,tn,21,22,...,2m}. If the relation t1ty...t, = 2129...2, is a
nontrivial one then, according to the defect effect there exists C’ C ¥ T such that
C C (C")T and card(C") < card(C). If the relation t1ts ...t, = 2123 ... 2y, is a trivial
one then we put ¢’ = C. We define D; = {ay,a09,...,0,}, Dy = {81,84,...,8,}
and D = D; U Dy. If the relation o? = ajas. .. 0000 ... 0p = BiBy ... B, is:

— nontrivial, then according to the defect effect there exists D’ C ©* such that
D c (D')* and card(D') < card(D), and we define

A =[A-((C—{z1})U(D —{ar, B,}) U{Bs21, aryn })| U (C"UD') 5
— trivial, then if 3, € (D1)"we define

A" =[A—((C—{=}) U{B,21,0rtn }] U (C"U{en });

and if a,. € (D2)* we define
A" =[A—((C—{=}) U{Bs21, yn ] U (C"U{B,}) .

We have A C (A")* and card(A’) < card(A), which contradicts the property of A
to be elementary.

The case v = A and u # A can be dealt with analogously.

(iii) Case u,v # A.

Let us notice that there exists ¢ > 1 and £,y € X* such that a« = Sy and

(v8)" € A*. Indeed, let us consider the word w = uaa*®la v, where k = max |w|
~—~— weA

=w
and h minimal such that ’uah‘ , ’ahv| > k. Within each factor «, from the k |a such
factors of w there exist only |a|—1 places (between the || letters) where a delimitation
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of the words in the factorization over A can occur. By choosing the length of w we
can be sure that there exist at least || such delimitation points, therefore at least
one occur twice. Obviously the word delimited by two such points has the form (75)i7
with o = Bv; 8,7 € ©* and i > 1. Therefore we have (v3)" € A*. Let j > 1 be the
smallest such that (’yﬂ)j € A*. We will prove now that j = 1 by assuming j > 1 and
contradicting the elementarity of A.

We write u and v as follows: u = uy (y8)” and v = (y8)?v; where p,q > 0,
VB ¢ suf(uy), v8 ¢ pref(v1). If u; and vy are both A or only one of them is, then
one can proceed as in the cases (i) and (ii) respectively. Let us deal now with the
case uy,v; # A. Let us consider the words:

w1 :u(’}/ﬁ)kjv (5)

wy = u(v8) v
with & big enough to insure the occurrence of (’yﬁ)j as a factor in their unique fac-
torizations over A in the “middle zone” i.e. within (y8)" and (y8)™ ™" respectively.

We can write the following factorization of w; over A:
wi = u (Y8 v =u1 (1B)" (v8)™ (v8)! vy
. w1 =y ('YB)llj-Hl . (’YB)(k_ll_ml_l)j . (,76>m1j+(j—ﬁ) v

=wi1€AT e((vB)H)* =wi2€AT

which is unique with the following properties:
= li,m1 > 05 r1 < j;
— the last factor of the unique factorization of wy; over A is not (7ﬁ)j ;
— the first factor of the unique factorization of w1 over A is not (’yﬁ)j ;

— Analogously we write the unique factorization of wa, we = way - (V8)™ - wa2,
having the following properties:

— woy € AT and the last factor of its unique factorization over A is not (v3)’;
— woy € AT and the first factor of its unique factorization over A is not (yﬁ)j .

Taking into account the difference between w; and wq (see (5)) we can have the
following two cases:

(a) ws =1 (,yﬁ)lzj-&-w . (,yﬁ)(k—lz—mz—l)j . (Wﬂ)mzj-i-(j—m)-i-l v

=w21€AT e((vB))+ =waz2€AT

(b) W = Uy (75)l2j+r2+1 . (,yﬁ)(k—lz—mz—l)j ) (7ﬂ)m2j+(j_r2) "

=w21€AT E((yB)I)+ =wa2€AT
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We shall consider the case (a), the other can be dealt with analogously. Let us
consider now the following four words from A*:

w1l = T1 (’yﬁ)lljw1 , the last factor of the unique factorization
of w1 over A with 1 € suf(uy),z1 # A

Wiy = ('y/)’)mljﬂj*”) y1, the first factor of the unique factorization
of wyo over A with y1 € pref(vi),y1 # A

Wa1 = To (7B)l2j+r2 , the last factor of the unique factorization
of way over A with zo € suf(uy), s # A

Wogy = (75)m2j+(j7r2)+1 ya, the first factor of the unique factorization
of wag over A with yo € pref(vi),y2 # A

We shall prove now that wy; # wio by assuming wi; = wio and contradicting the
elementarity of A. Let us use the following simplifying notations w = wi; = w2 =
zq (vB)TT = (’yﬁ)mlﬁ_(y_rl) Y1, lhj+r1 =7, mij+ (j —r1) = s. Therefore we can
write:

21 o= (BPz(B) s =08 2(v8)T; w=(18)" 2 (1B)*
p = stsia=r+rs " >0
z # X B ¢pref(z); V8 ¢ suf(z)

We have w € A, (78)” € A and wyBw € AT, therefore (78)" z (v6)?, (v8)’ € A and
(B 2 (vB) 4B (vB)! 2 (vB)? € AT. Regarding the unique factorization of wyBw
over A we point out the following:

— within the “middle zone” (y8)?~v8 (v6)" of wypw the only factor from A that
can occur is (v8)’;

— within the prefix (y3)" and within the suffix (v3)? of wyBw the only factor
from A that can occur is (v8)’;

— the factor w can appear at most once in the first position or in the last one.

Therefore, after eliminating from the unique factorization of wyfw over A the

factor w and all the factors (73)? from the beginning and the end, we get one of the
following two situations:

— (¥B)" 2 (4B)"™ € AT
— (98)" 2 (YB)PTIT 2 (vB)" € AT,

In the second case, if (73)’ appears as factor in the unique factorization over A in
the “middle zone” (y3)" +q+1, then we break the word in two parts and keeping one
of them we are again in the first case, otherwise the second case cannot be reduced
to the first one. Finally we got the following two cases:

(a) (v8)" 2z (vB)"* € AT and (y8)’ does not appear as first or last factor in the
unique factorization of (y8)" z (v3)" over A.
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(b) (vB)" z (vB)PT1T 2 (78)" € At and (v8)’ does not appear as first or last fac-
tor or in the “middle zone” (vB8)"T*" in the unique factorization of (y8)™ z (y8)P 4!
2 (yB)" over A.

Now let us contradict the elementarity of A in each case.

(a) if (v8)" 2 (¥8)" € A then {w (v8)", (vB)" 2 (vﬁ)”} C {78,2}" and the
elementarity of A is contradicted, therefore the factorization of (v8)" z (vB)" over A
must be of the form (v3)" z (v8)? = (v8)" 21+ 22+ .. 2n—1 - 20 (7B)"* where n > 2;
21,2n # A. Let us define

Al = (A —{w, (B, (vB)" 21, 2n (75)1‘2}) U {8, 21, 2}

We have A C (A")* and card(A’) < card(A), which contradicts the elementarity of A.

(b) If a delimitation point appears in the “middle zone” (v8)”T%™ then one can
proceed as in the case a., otherwise the factorization of (v8)" z (y8)? Tt 2 (v3)%
over A is of the form:

(v8)" 2 (VB 2 (4B) =
= (76)le 21 29 2l " Zm (7ﬁ)p+q+1 tioto- oty -ty (7,6’)142

where m,n > 2. Let us notice that
2122...Zm:t1t2...tn22 (7)

For T = {z1,22,..., 2m,t1,t2,...,tn} we define T" as follows: if the relation (7) is
nontrivial then there exists 7" C ¥ such that T C (T”)* and card(T") < card(T),
otherwise we put T = T". We define:

A = (A= {w, (987, (v8)" 21, 2m (VB)P T 1y, 1, (18)2} U
U (T - {217Zm7t17tn}))) U (TI U {’75})

and we have A C (A")" and card(A’) < card(A), which contradicts the elementarity
of A.

Therefore we proved that wi; # wis.

One can prove analogously that wa; # was.

Let us notice now that:

—if w11 = W21 then w12 7é Wa2, and
— if W12 = W22 then w11 7& w21 .

This is true because of the way the four words are defined (see (6)). Therefore the
set D = {w11, w12, wa1, was} has at least 3 elements.

Let also notice that if wy; = ws; then 21 = 29 and also that if wiy = was then
Y1 = Y.

We define:

A = (A— (DU {(76)@)) U{z1, 22,91, 2}
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We have A C (A")* and card(A’) < card(A), which contradicts the elementarity of A.
O

Lemma 11. If A is an elementary set over ¥ and wi,y,ws € X*, wiws # A,
y # A such that wiy*ws € A*, then no word from A can be a "proper cover” of y,
in the factorization of wiyws over A, i.e. it is not possible to have the following
situation: wy = ux, wg = 2v with u,x,z,v € X*, xz # X and u - xyz -v with ryz € A.

Proof. We shall use the proof by contradiction. More precisely we shall prove
the following proposition: if ¥ is an arbitrary alphabet, u,x,y,z,v € ¥*, A is an
elementary set over X such that uxy*zv € A*, zz # X\ and a = xyz € A, then
there exists A’ such that A C (A")T and card(A’) < card(A), which contradicts the
elementarity of A.

We shall prove this last proposition by induction on |y|:

U, T,Y,2,v € X"

uxy*zv € A*

a=zxyz € A card(A’) < card(A
P(n) u-a-veAt :>E|A/<AC((A’))+ W

YyFEN T2 F A

ly| <n

Basis: “n =1”. We have y =a € ¥ and

Vk >0 (wk:uxakzveA*)
a=zxaz € A
w-a-veAT

According to lemma 10 we have a € A.
(case 1) u=v= A\
(case 1.1) x # X\, z = A.
We have z € AT and a = za € A but also a € A, therefore we contradicted the
elementarity of A. Analogously results that it is not possible to have x = A\, z # A.
(case 1.2) x,z # A
We have a,zaz € A and za*z € At. In each of the cases: z € at or 2 € at or
x,z € a” we can immediately contradict the elementarity of A, therefore we assume
x,z ¢ a*. We write:
x=a'a™; m>0; a¢ suf(z)
{ z=a"2';n>0; a¢pref(z)

(case 1.2.1) zz € A.
From za?z € A% it follows that we can have the following two subcases:

(case 1.2.1.1) za’z = z'a™a*a"z' = 2} - 2ha™a - aa"z] - 2z, with 2i2h = 2';
~ e Nm—
€A* €A €A eAr
wy # N a ¢ suf(wy); 2125 = 25 21 # A a & pref(z).
We define

A = (A—{zz,zaz, 2ha™ " a2 }) U {ah, 21}
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We have A C (A’)" and card(A’) < card(A).

(case 1.2.1.2) za’z = 2'a™a?a™z = ) - 2ha™a’a"2) - z, with 2zl = 2/
EA* €A €A~
xh # X a ¢ suf(ah); 212 =25 21 £ X\ a & pref(z]).

We define
A = (A —{zz,maz, 2ha™ 221 }) U {ah, 21}

We have A C (A’)" and card(A4’) < card(A).
(case 1.2.2) xz € A2
Let us write the unique factorization of zz = 2’a™a™z’ over A xz =z} -2 - ... -

zha™a"z) -z - ...~ 2. From xa®z € AT it follows that we can have the following two
possibilities for the unique factorization of za?z = z’a™a?a"z’ over A :
(case 1.2.2.1) wa®z = @ - af - ... - xfa™a - aa™2) - 2 - .. - 2]
We have:
AN ro_ "
' = xlah. ., = 22y .. (8)
and
r_ r_nn "
2= 2zg.2 = 22925 (9)
. ! / / / " __ 1 1 1 ! / !/ /
We define: X' = {z},2h,....,2}}, X" = {«f,24,...,2]} and Z' = {z],7),..., 2},
VAR {z{’,zé’,...,z;-’} and A” = {zaz,zja™" 2, 2)a™ ! a" 2]}, Let us notice

that at least one of the relations (8) and (9) is nontrivial. Indeed, if we assume both
of them are trivial, then we can have the following four cases:

(a) 2 € (X")F and 2/ € (Z')7, we define A’ = (A — A") U {z}, 2}

(b) =/ € (X)" and 2, € (Z")", we define A’ = (A — A") U {x}, 2/

(c) z,, € (X")" and 2/ € (Z')", we define A’ = (A — A")U {z, 24}

(d) o, € (X")" and 2} € (Z")", we define A" = (A — A") U {/, 2/

We have A C (A’)" and card(A’) < card(A).

Therefore at least one of the relations (8) and (9) is nontrivial.

If (8) is nontrivial, then there exists B such that X’ U X” C BT and card(B) <
card(X' U X") and we define

A=A (X' Az Hh U (X" ={aifH uA) U(BU{z1,21}) .

If (9) is nontrivial, then there exists C such that Z’ U Z” C C* and card(C) <
card(Z'U Z") and we define

A= (A= ((Z' —{nhu (2" = {z ) uA") U (CU{z,2i}).

In both cases we have A C (A’)" and card(A’) < card(A).

(case 1.2.2.2) wa®z = af - aff - ... - afa™ "2 2l - L 2l

We have the same two relations (8) and (9) as above. We define the same X', X"
and Z', Z", but this time A” = {zaz, z}a™ "2}, 2/ a™ T2},

If both relations (8) and (9) are trivial, then we can have the same four cases
as above and we define A’ in the same way but with the new A”. Again we have

A cC (A)" and card(A’) < card(A).
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If (8) is nontrivial and (9) is trivial, then there exists B such that X’ U X" c B
and card(B) < card(X’ U X") and we have two subcases resulting from (9) trivial:
(e) 2/ € (Z")" and we define

A= (A— (X" —{z, U (X" = {2 U A") U (BU{z}).
(f) 24 € (z")" and we define
A= (A (X Az H U (X" ={2iH U A") U (BU{z1}).

If (9) is nontrivial and (8) is trivial, then there exists C such that 2’ U Z"” c C't
and card(C) < card(Z' U Z") and we have two subcases resulting from (8) trivial:
(2) 7 € (X’)* and we define

A= (A= ((Z —{=nhHu(Z" —{xHhuA"))u(CU{x}).
(h) @, € (X")" and we define
A=A-(Z —{=nhu(@2"-{xhuA")u(Cu{ai}).

If both (8) and (9) are nontrivial, then there exist B and C such that X' U X" C
Bt, Z70UZ" c C" and card(B) < card(X' U X"), card(C) < card(Z' U Z") and we
define

A = (A- (X' Az hu (X" —{a/Hu (2" = {z1 U
u(z" —{xhua)u(BUC)

In all the cases we have A C (A’)" and card(A’) < card(A).
(case 2) u# X v=A
The simplifying idea is to use u - zaz € AT to reduce (case 2) to (case 1) by
defining/considering an elementary set A such that A C (A)*, card(A) < card(A)
and
{ VEk <2 (wk — zakz e Z*)

Oé:{EO/ZGZ

Let us notice that it suffices to have only Vk < 2 (wk =zxakz € Z*) and not za*z €

A" because in the proof of (case 1) we used only wg, w; and wo. After defining A,
in order to complete the proof, one can repeat the proof of (case 1) with A instead
of A and one will get an A’ such that A C (A)* C (A")* and card(A’) < card(A) <
card(A).

Let us now define A. We have u € AT, therefore u = u} - u} - ...} with i > 1.

(case 2.1) If u-xz € AT and u - wa?z € A' then A = A.

(case 2.2) If u - xz € AT, but the unique factorization of ura?z over A is not of

the form w - a2z then

uxa222u3’~u’2’~...-u;’w1-wz-...-wk, ujwy € A
—_——

—_—

=u =za?z
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therefore we have the relation

o r_ "
U= ujUy L = U Uy U (10)

We define U’ = {uf, ub, .., uj}, U” = {uf, uf,...,u]}.
If the relation (10) is trivial, then we can have two subcases:

- uj € (U")" and we define

A= (A—{ufwi}) U{wi}

— ) € (U")* and we define

A= (A—{ujwr,ui}) Ufwr,uf

In both subcases we have A C (Z)+ and card(A) < card(A). Let us notice
that, according to lemma 2, A is elementary.

If the relation (10) is nontrivial, then there exists B such that U’ UU” C BT
and card(B) < card(U" UU") and we define
A= (A- U U (U" = {uf}) U{ufwi})) U (BU{wi})
and again we have A C (A)" and card(A) < card(A) and also A is elementary.
(case 2.3) If u - za®z € AT, but the unique factorization of uzz over A is not of

the form w - zz then

" " ", ! / !/ ", 7
urz =uy Uy ..U W)Wy cw,, U wy €A

=u =Tz

therefore we have the relation
w=ujub. .. u; =u"ub .. ou)” (11)

We define U’ = {u}, uh, ..., u;}, U = {uf’ uy’, ... ,u"}.

ey Uy

If the relation (11) is trivial, then we can have two subcases:
— ) € (U")" and we define
A=A {y"w}) u{wi}
— e (U™)* and we define
A= (A= {u"wy, ui}) U{wy, uf’

In both subcases we have A C (Z)+ and card(A) < card(A). Let us notice
that, according to lemma 2, A is elementary.

If the relation (11) is nontrivial, then there exists C such that U’ UU" C C*
and card(C) < card(U"UU"") and we define

A=(A- (U LU = {w"}) U{w"wi}) U (CU{wi})

and again we have A C (A)" and card(A) < card(A) and also A is elementary.
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2

(case 2.4) If the unique factorizations of both uxz and uza®z over A are not of

the form u - £z and u - xa®z respectively, then we can write:
1 1 1 "
UTZ = Uy Ug * s UjW W e W, UjWT cA
~—_— —

—u =zz

and we have the relation:

u=uqul .. = uyul (12)

As above, we define U’ = {u}, uy, ..., u;}, U" = quf,uy, ..., u} .

If the relation (12) is trivial, then we can have two subcases:
- uj € (U")" and we define

C=(A—{ujw})U{wi}

— ) € (U")* and we define
C = (A—{ujwr,u}) U{ws,uj}
In both subcases we have A C (C)" and card(C) < card(A). Let us notice

that, according to lemma 2, C' is elementary.

If the relation (12) is nontrivial, then there exists B such that U’ UU"” C BT
and card(B) < card(U" UU") and we define

C=(A- (U UU" —{uf}) U{ujwi})) U (BU{w})

and again we have A C (C)" and card(C) < card(A) and also C elementary.

(case 2.4.1) If the unique factorization of uwa?z over C' is of the form u - wa?z,

then A = C.
(case 2.4.2) If the unique factorization of uxa?z over C is not of the form u - za?z,
then we can write:

/ / /

U = CjCyr...cCp
2 _ 1 1 /"1 " " 1,1
UTA“z = €] Cy ... CuW Wy .. Wy, Cowy €A
| —
=u =za’z

and we have the relation:

o r_ o "
U=CciCy...cp=0c1Cy...C (13)

we define C" = {¢}, ¢}, .. .,c;,}, O {c’l’,c'Q’,...,c;' .
If the relation (13) is trivial, then we can have two subcases:
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— ¢ € (C")" and we define

A= (C— {cqwi}) U{w?

~ ¢, € (C")" and we define
A= (C- {c”w’l',cp}) U {wy, cy

In both subcases we have A C (C)T C (Z)Jr and card(A) < card(C) < card(A),
and also A elementary.

If the relation (13) is nontrivial, then there exists B such that C' UC” C BT
and card(B) < card(C" U C") and we define

A=(A-(C'U(C"={d}}) Uu{duw})) U (BU{W})

and again we have A C (C)* C (Z)+ and card(A) < card(C) < card(A) and
also A elementary.

(case 3) u =\, v# X Obviously his case can be dealt with analogously.

(case 4) w,v # A. Now it is clear how one can deal with this case. One will
proceed first with “the isolation of u” as in the (case 2) and then with “the isolation
of v” as in the (case 3).

Inductive step: “n —n+ 1”7

According to lemma 10: 38,7y € ¥* (y = Bv, v8 € AT) and moreover if one of
u=MAorv=\then a € A*.

(case 1) alpha(vB) € ¥ i.e. if within the unique factorization of v over A there
exists a factor, let’s say wg, with length at least 2, then we consider A = X U {$}
where $ is a new symbol, and the mapping ¢ : A* — A*, defined as follows:

@(w):{ <§ for w # wo

for w = wy

Let us notice that Q = p(A) = (A — {wo}) U {8} , therefore a factorization of w over
A can be transformed into a factorization of ¢(w) over Q by simply replacing the
factors wg with $ and vice versa. Using ¢ we "move” the problem from X* to A*:

(u), p(z), p(y), p(2), p(v) € A*
k>0 (p(u)p(@)e(y)o(z)p(v) € )
(a) = p()p(y)p(2) € p(A) = Q

Let us notice that |p(y)| < n therefore, according to the inductive assumption, there
exists Q' C A* such that Q C ()" and card(Q’) < card(2). Obviously $ € .
Let us define now A" = (' —{$}) U {wo}. We have A = (2 —{$}) U {wo} C
(Q = {$}) U{wo})" = (A) " and card(A’) < card(A).

BS)

<
o

BS)



Elementary Alphabets of a Language 275

(case 2) alpha(y8) C X. Let us denote B = alpha(y5) C A C ¥ and let [ be big
enough to insure the unique factorization of w; = ux (ﬁ"y)l zv over A is of the form
w = uz(87)' 8- (18) -7 (By)" 2
—— N——

N——
=wi€A* €A* =wy€A*

Let us notice that since xz # A it follows that wiws # A.

(case 2.1) wy # A\, wa = A\. We have o € AT and = # \. Let § be the right most
factor of the unique factorization of wy over A that is not from B. 4

(case 2.1.1) § = §162 with &1 € suf(x), 61 # X and d2 € pref((57)' B) therefore
d2 € B. Then, since za € A, we define A’ = (A — {d,za}) U {§1} and we have
A C (A)" and card(A’) < card(A).

(case 2.1.2) § = §1202 with 61 € suf(u), 61 # A and &2 € pref((8y)" B) therefore
02 € B. We have the following unique factorizations over A:

/ / /
U=Up Uy ... Uy

and
uzdy = uf -uy - ... uf - 8120,

therefore we have the following relation

A o un "
U= ujuy . wp = Uy Uy U0 (14)

We define U’ = {uf, uj, ..., u}}, U" = {uf,uf,...,u, 61 }.

-y Uy v Ugy

If the relation (14) is trivial, then we can have two subcases:
— 61 € (U and we define
A'=A—{6,za}) U{z}
— ), e (U")* and we define
A'=(A—-{d,za,u;}) U{z, 01}
In both subcases we have A C (A)" and card(A’") < card(A).

If the relation (14) is nontrivial, then there exists B such that U’ UU” C B* and
card(B) < card(U' UU") and we define

A= (A= (U'UU" — {6:}) U{6,2a})) U(B U {x})

and again we have A C (A)" and card(A’") < card(A).

(case 2.1.3) § = 0102 with §; € suf(u), §1 # X and 2 € pref(z).

If 05 € B* then we define A’ = A — {za} and we have A C (A")" and card(4’) <
card(A).

Otherwise w have the following unique factorizations over A:

o ! /
U=U Uy~ ... U
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and
by = uf -uy - ..Uy - 810,
therefore we have the following relation

] r o "
U= Uply ..U = U Uy UG O (15)

We define U’ = {uf, uf, ..., u}}, U" = {uf,uf,...,u, 61 }.

-y Uy vy Uy

If the relation (15) is trivial, then we can have two subcases:
~ 61 € (U and we define
A'=A—{6,za})U{d}

— ) e (U")* and we define
A= (A—{5,za,u}}) U{d1,d2}
In both subcases we have A C (A)" and card(A’) < card(A).

If the relation (15) is nontrivial, then there exists B such that U’ UU” C B" and
card(B) < card(U’' UU") and we define

A= (A= U VU ={0})U{d,za})) U (BU{d2})

and again we have A C (A)" and card(A’) < card(A)..
(case 2.2) w1 = A, wa # A. This case can obviously be treated just like (case 2.1).
(case 2.3) w1, ws # A. Now it is clear how one can deal with this case. One will
deal first with wy as in the (case 2.1) and then with wo as in the (case 2.2). O

Theorem 5. If L is a reqular language, M = (Q,X%,0,qo, F') a DFA recognizing
L and A € EA(L) thenVa € A (Ja| < card(Q)).

Proof. We shall use the proof by contradiction. Let us assume that the conclusion
is not true and let « be a word from A with |&| > card(Q) and w = uawv be a word
in L having « as a factor in its unique factorization over A. Let py = §%(qo,u),
P = (50, a(1), o = 6(p1, a(1)a(2)), - Plaj—s = O(Plaj—z a(Da(2)-.alla] — 1)),
Pla] = 0(Pjaj—1,) be the sequence of states entered when reading a starting from
po = 6"(qo,u). Let (4,7) be the unique leftmost pair of positions for which we have

0<i<j<|a

bi = Dy

card({pr | i<k <j})=j—1i
This pair obviously exists because || > card(Q). Let us consider the following words:
z,y,z € ¥* defined by p; = 6" (po, x), pj = pi = 0" (i, y), Pja| = 9(pj,2) and a = zyz.
Let us notice that zz # X because |y| < card(Q) < |a|. We have the following

situation:
ury*zv C L C A*

a=zxyz € A
$7y7Z€Z*a $Z7é)\7 y#)‘
u-a-v€E AT

as in the figure below:
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Fig. 1.

Now, using lemma 11, it follows that there exists A’ such that A c (4’)" and
card(A") < card(A), which contradicts the elementarity of A. O

Remark 2. Let us point out that if we relax the assumption A € EA(L) in the
theorem above by replacing it with: A code, L C A* and alpha(L) = A, then the
conclusion is not true any more. Indeed, let us consider the following simple example:
L = a*b and A = {b,ab,ab?,ab®,a*}.Obviously A is a code, L C A*, alpha(L) = A,
the number of states of the minimal DFA recognizing L is 3 and A contains a word
of length 4.

Moreover, for each n > 2 there exists a code A,, such that

L C A, alpha, (L) = A, and card(A,) =n
Indeed A,, = {b,ab,a?b,...,a" 2b,a""1}.
Remark 3. If L is a regular language and M (L) its minimal DFA then:

1. The lengths of all the words in its elementary alphabets are smaller than or
equal to the number of states of M (L).

2. The inequality at no. 1 above can be both strict and equality i.e.
JA € EA(L) 3w € A (|lw| = the number of states of M (L))
Indeed, for L = (a™)* the minimal DFA has n states and A = {a"} € EA(L).

3. If its minimal DFA has a “black hole state” (i.e. a state from each no final
state can be reached; it is obvious that if such a state exists then it is unique)
then the lengths of all the words in its elementary alphabets are smaller than
or equal to the number of states of its minimal DFA minus 1.

4. The inequality at no. 3 above can be both strict and equality i.e.
JA € EA(L) 3w € A (Jw| = the number of states of M (L) minus 1)

Indeed, for L = ((ab)™)* the minimal DFA has 2n + 1 states and A = {(ab)"} €
EA(L).
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Theorem 6. For each regular language L:
1. d(L) can be effectively calculated;
2. EA(L), and implicitly CA(L), can be effectively found;

3. gwen a finite part Ly of L it is decidable whether Ly is an elementary test-set,
and implicitly a finite combinatorial test-set, for L.

Proof. Claim 1. is an immediate consequence of claim 2.

2. According to theorem 5, if M = (Q,%,d,qo, F') a DFA recognizing L then
VA € EA(L) Va € A (|a| < card(Q)), therefore VA € EA(L) (A C £=ed@)) and
therefore one can try for example all the elements A of pgmd(z)(zﬁwd@n to see
if A is elementary set, if L C A* and if these conditions are true, finally to see if
alpha(L) = A.

3. According to claim 2. one can find £EA(L) and EA(Ly) and check whether they
are equal or not. O

‘We mention that it is not in the scope of this paper to provide an efficient algorithm
for computing EA(L).
We shall revert to this subject in the near future.
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