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Abstract We are systematically discussing finite automata working on rectangular-
shaped arrays (i. e., pictures), reading them with different scanning strategies. We show that
all 32 different variants only describe two different classes of array languages. Our main proof
tool is using the dihedral group D4.
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1. Introduction
Syntactic considerations of digital images have a tradition of about five decades. They should
(somehow) reflect methods applied to picture processing. Here, we continue such an investi-
gation with what can be considered as the most simple way of defining space-filling curves:
scanning line after line of an image, alternating the direction of movement every time when the
image boundary is encountered, as well as by scanning line by line following the same direc-
tion each time. We consider finite automata that work the described ways, extending previous
studies [1].

This shows tighter connections between finite automata working on pictures and so-called
array grammars of different types; for overviews on this topic, we refer to [2], [3]. Notice that
our pictures are always of a rectangular shape.

Our main contributions can be summarized as follows: (a) We show that an amazing variety
of picture scanning devices basically only describe two different array language families. (b)
This result is obtained by making use of connections to the theory of dihedral groups. In fact, the
idea of using symmetry groups for obtaining picture grammars can be traced back throughout the
history of formal picture processing, see [4], [5], but somehow restricted to pictures themselves
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rather than picture languages or devices for describing pictures. Some parts of this paper (in
particular, all results concerning closure properties and inclusion relations) already appeared in
a conference proceedings [6]. The current presentation is more crisp and can be seen also as an
extension of [1]. Suggestions for future research convey mostly new ideas.

2. General Definitions
A picture over alphabet Σ is a tuple

W := ((a1,1, a1,2, . . . , a1,n), (a2,1, a2,2, . . . , a2,n), . . . , (am,1, am,2, . . . , am,n)) ,

where m,n ∈ N and, for every i, 1 ≤ i ≤ m, and j, 1 ≤ j ≤ n, ai,j ∈ Σ. We define the number
of columns (or width) and number of rows (or height) of W by |W |c := n and |W |r := m,
respectively. For the sake of convenience, we also denote W by [ai,j ]m,n or by a matrix in a
more pictorial form. If we want to refer to the jth symbol in row i of the picture W , then we
use W [i, j] = ai,j . By Σ++, we denote the set of all (non-empty) pictures over Σ. Every subset
L ⊆ Σ++ is a picture language.

2.1. Binary Operations on Pictures
Let W := [ai,j ]m,n and W ′ := [bi,j ]m′,n′ be two pictures over Σ. The column concatenation of
W and W ′, denoted by W �W ′, is undefined if m 6= m′ and is otherwise obtained by writing
W to the left of W ′, yielding the picture

a1,1 a1,2 ... a1,n b1,1 b1,2 ... b1,n′

a2,1 a2,2 ... a2,n b2,1 b2,2 ... b2,n′

...
...

. . .
...

...
...

. . .
...

am,1 am,2 ... am,n bm′,1 bm′,2 ... bm′,n′

The row concatenation of W and W ′, denoted by W � W ′, is undefined if n 6= n′ and is
otherwise obtained by writing W above of W ′. The row and column catenation operations can
be also viewed as operations on languages. Also, we can define n-fold iterations (powers) of
column catenation as Wn and n-fold iterations (powers) of row catenation as Wn. Accordingly,
Σn

m is understood, as well as Σ+
m =

⋃
n≥1 Σn

m and similarly Σn
+. In this sense, Σ++ = Σ+

+.

2.2. Unary Operations and Connections to Group Theory
As pictures are (also) geometrical objects, several further unary operations can be introduced [7]:
quarter-turn (rotate clockwise by 90◦) Q, half-turn (rotate by 180◦) H , anti-quarter-turn (rotate
anti-clockwise by 90◦ (or rotate clockwise by 270◦) Q−1, transpose T (reflection along the main
diagonal), anti-transpose T ′ (reflection along the anti-diagonal), Rh (reflection along a horizontal
(base) line), Rv(reflection along a vertical line). Together with the identity I , these (now eight)
operators form a non-commutative group (with respect to composition), the well-known dihedral
group D4 (we refer to [8]); see Table 1.

In Table 1, ◦ is the function composition. So, if f : X → Y and g : Y → Z are two
functions, then g ◦ f : X → Z is defined by (g ◦ f)(x) = g(f(x)) for all x ∈ X . One example
showing how Table 1 works is shown below for W := [ai,j ]m,n.

(T ◦Rv)(W ) = T (Rv(W )) = Q−1(W ).
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◦ I Q−1 H Q Rv Rh T T ′

I I Q−1 H Q Rv Rh T T ′

Q−1 Q−1 H Q I T T ′ Rh Rv

H H Q I Q−1 Rh Rv T ′ T
Q Q I Q−1 H T ′ T Rv Rh

Rv Rv T ′ Rh T I H Q Q−1

Rh Rh T Rv T ′ H I Q−1 Q
T T Rv T ′ Rh Q−1 Q I H
T ′ T ′ Rh T Rv Q Q−1 H I

Table 1.: Composition table of unary operators

Let O = {I,Q−1, H,Q,Rv, Rh, T, T
′} be the set of these 8 unary operators comprising

D4. The operators in D4 are usually partitioned into the four rotations (including the identity)
{I,Q−1, H,Q}, which form the cyclic subgroup Z4 of D4, and four reflections {Rv, Rh, T, T

′}.
The four operations {I,H,Rv, Rh} form another interesting subgroup, the Klein group K4.
These operations can be also applied (picture-wise) to picture languages and (language-wise) to
families of picture languages. It is interesting to add the fact that one single rotation Q generates
all rotations (as a subgroup of D4) and that all of D4 are generated by one rotation Q and one
reflection T .

2.3. Combining Operators
We now consider combining unary and binary operations, as collected in Table 2.

W1 �W2 W1 �W2

I I(W1) � I(W2) I(W1)� I(W2)
Q Q(W2) �Q(W1) Q(W1)�Q(W2)
Q−1 Q−1(W1) �Q−1(W2) Q−1(W2)�Q−1(W1)
H H(W2) �H(W1) H(W2)�H(W1)
T T (W1) � T (W2) T (W1)� T (W2)
T ′ T ′(W2) � T ′(W1) T ′(W2)� T ′(W1)
Rv Rv(W1) �Rv(W2) Rv(W2)�Rv(W1)
Rh Rh(W2) �Rh(W1) Rh(W1)�Rh(W2)

Table 2.: Table of Operators

3. General Boustrophedon Finite Automata
We now recall from [6] the definition of general boustrophedon finite automaton, a new, param-
eterized automaton model for picture processing.

A general boustrophedon finite automaton, or GBFA for short, can be specified as an 8-tuple
M = (Q,Σ, R, s, F,#,�, D), where Q is a finite set of states, partitioned into Qf and Qb, Σ is
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an input alphabet, and R ⊆ Q × (Σ ∪ {#}) × Q is a finite set of rules. A rule (q, a, p) ∈ R is
usually written as qa → p. We impose some additional restrictions. If q ∈ Qf and a ∈ Σ, then
qa→ p ∈ R is only possible if p ∈ Qf . Such transitions are also called forward transitions and
collected within Rf . Similarly, if q ∈ Qb and a ∈ Σ, qa → p ∈ R is only possible if p ∈ Qb

(backward transitions, collected in Rb). Finally, border transitions (collected in R#) are of the
form q# → p with q ∈ Qf iff p ∈ Qb. Namely, the special symbol # /∈ Σ indicates the border
of the rectangular picture that is processed, s ∈ Qf is the initial state, F is the set of final states,
and D ∈ D indicates the move directions. Here,

D =
{(

s→ ↓
↓ ←

)
,
(

s↓ →
→ ↑

)
,
(
↓ ←s
→ ↓

)
,
(
← ↓s
↑ ←

)
,
(
→ ↓
s↑ →

)
,
(
↑ ←

s→ ↑

)
,
(
↓ ←
← ↑s

)
,
(
→ ↑
↑ ←s

)}
We are now going to discuss the notions of configurations, valid configurations and an according
configuration transition to formalize the work of GBFAs, based on snapshots of their work.

Let � be a new symbol indicating an erased position and let Σ#,� := Σ ∪ {#,�}. Then
CM := Q× (Σ++

#,� ∩ {#}+� ({#}+� (Σ∪ {�})++� {#}+)� {#}+)×{f, b} is the set of
configurations of M . Hence, the first and last columns and the first and last rows are completely
filled with #, and these are the only positions that contain #.

The initial configuration is determined by the input array A ∈ Σ++. More precisely, if A has
m rows and n columns, then(

s,#n+2 	 (#m :A: #m)	#n+2, f
)

shows the according initial configuration cinit(A). Similarly, a final configuration is then given
by (

qf ,#
n+2 	 (#m :�n

m :#m)	#n+2, d
)

for some qf ∈ F and d ∈ {b, f}.
The processing of the automaton is then crucially depending on D ∈ D. The arrow that

appears together with s indicates the direction of the forward processing of the first, third, fifth
etc. line. For instance, the first listed direction contains s→, determining that the odd-numbered
rows of the input array are scanned left to right. Similarly, the second listed direction contains
s ↓, determining that the odd-numbered columns of the input array are scanned top to bottom.
When the automaton encounters a border symbol, it processes the next line in the reversed way
(backward processing). This is also indicated in the little pictures that describe D ∈ D. For
instance, in the first case, the ↓ in the first row indicates that after hitting the border, the automaton
moves downwards, processing (as indicated by the← in the last row) now from right to left, until
the border is hit again, which means to move downwards one more row, as indicated by the ↓ in
the last row. The other D ∈ D can be interpreted in a similar fashion, as explained below. Let us
now formalize this description. Notice that an odd-numbered row of the input array corresponds
to an even-numbered row if we consider the input array bordered by a #-layer according to our
definition of a configuration.

• If (p,A, f) and (q, A′, f) are two configurations such that A and A′ are identical but for
one position (i, j), 2 ≤ i ≤ m + 1, 2 ≤ j ≤ n + 1, where A′[i, j] = � while A[i, j] ∈ Σ
and A[i, j − 1] ∈ {#,�}, then (p,A, f) `M (q, A′, f) if pA[i, j]→ q ∈ Rf . Moreover, i
is even.

• Conversely, if (p,A, b) and (q,A′, b) are two configurations such that A and A′ are identi-
cal but for one position (i, j), 2 ≤ i ≤ m + 1, 2 ≤ j ≤ n + 1, where A′[i, j] = � while
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A[i, j] ∈ Σ and A[i, j + 1] ∈ {#,�}, then (p,A, b) `M (q, A′, b) if pA[i, j] → q ∈ Rb.
Moreover, i is odd.

• If (p,A, f) and (q, A, b) are two configurations, then (p,A, f) `M (q, A, b) or
(p,A, b) `M (q, A, f) if p#→ q ∈ R#.

The reflexive transitive closure of the relation `M is denoted by `∗M . A ∈ Σ++ is accepted by a

GBFA M with direction DBFA :=
(

s→ ↓
↓ ←

)
if cinit(A) `∗M c such that c is a final configuration.

The following illustrates how such a GBFA scans some input picture and how a picture of a
valid configuration looks like; it can be seen that the sequence of � only indicates how far the
input has been processed:

# # # # # # #
# a b a b a #
→ → → → → → → ↓
# b c a c b # ↓

↓ ← ← ← ← ← ← ← ←
↓ # a b b b b #
→ → → → → → → → ↓

# a b c b b # ↓
↓ ← ← ← ← ← ← ← ←
↓ # c b b a a #
→ → → → → → → →

# # # # # # #

# # # # # # #
# � � � � � #
# � � � � � #
# � � � b b #
# a b c b b #
# c b b a a #
# # # # # # #

The representation on the
right-hand side of the previ-
ous picture contains all in-
formation necessary to de-
scribe a configuration apart
from the state.

The other modes are defined here by applying transformations according to the following table.

D =
(

s↓ →
→ ↑

) (
↓ ←s
→ ↓

) (
← ↓s
↑ ←

) (
→ ↓
s↑ →

) (
↑ ←

s→ ↑

) (
↓ ←
← ↑s

) (
→ ↑
↑ ←s

)
fD(A) = T (A) Rv(A) Q−1(A) Q(A) Rh(A) T ′(A) H(A)

A is accepted by a GBFA M with a different direction D if fD(A) is accepted by the GBFA
MBFA that coincides with M in every detail except for the direction, which is now DBFA. This
means, for instance, in the case of D =

(
s↓ →
→ ↑

)
, that instead of scanning the input array A

column by column, the first column top-down, the second bottom-up, and so forth, we rather
transpose A and then scan the transposed array row by row, the first row left-right, the second
right-left, and so forth.

The GBFA M is deterministic, or a GBDFA for short, if for each p ∈ Q and a ∈ Σ ∪ {#},
there is at most one q ∈ Q with pa → q ∈ R. So, we define language classes like LD(GBFA)
of picture languages accepted by GBFAs working with direction D, as well as L(GBFA) :=⋃

D∈D LD(GBFA) , sometimes adding D for ‘deterministic’.

4. Families of Picture Languages

We are now studying the question if the eight language families that we can obtain in these ways
are really different from each other or not. Also, the situation of L(GBFA) needs to be inves-
tigated, as well as the role of determinism. We will see that the group-theoretic excursion from
above will simplify our reasoning a lot. From the definitions themselves, we can immediately
derive the following characterization.

Theorem 1. The class LDBFA
(GBFA) coincides with the following classes of picture lan-

guages: T
(
L(

s↓ →
→ ↑

)(GBFA)

)
, Rv

(
L( ↓ ←s
→ ↓

)(GBFA)

)
,
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Q−1
(
L(← ↓s
↑ ←

)(GBFA)

)
, Q
(
L(→ ↓

s↑ →
)(GBFA)

)
, Rh

(
L( ↑ ←

s→ ↑
)(GBFA)

)
,

T ′
(
L( ↓ ←
← ↑s

)(GBFA)

)
, and H

(
L(→ ↑
↑ ←s

)(GBFA)

)
.

Due to the connections to group theory described above, we can easily infer from the previ-
ous theorem characterizations of the seven other classes, referring back to LDBFA

(GBFA), for
instance, L(

s↓ →
→ ↑

)(GBFA) = T (LDBFA
(GBFA)). We refrain from presenting a list of similar

characterizations in the following; see [6].
In [1], boustrophedon finite automata have been introduced that basically work as GBFAs

do when working in mode DBFA, apart from the fact that we have integrated in our definition
of GBFA that the automaton ‘knows’ if it processes an even- or odd-numbered row. In other
words, they are aware of the direction of their movement (left to right or right to left). However,
as the basic model is finite automata, it is not difficult to show BFAs can be turned into one that
is direction-aware, by counting the number of reads of #-symbols modulo two. Hence, we can
easily profit from results in [1]. We give two examples of such results now.

Theorem 2. For each direction mode D, we know: LD(GBFA) = LD(GBDFA).

Proof. By the previous reasoning, [1] yields that LD(GBFA) = LD(GBDFA) is true for
D = DBFA. As indicated above, we have characterizations of LD(GBFA) in terms of
LDBFA

(GBFA) by applying appropriate unary operators. These characterizations are also valid
for the corresponding deterministic classes.

Theorem 3. For each direction mode D, we know: LD(GBFA) is closed under the Klein group
operations I , Rv , Rh, H .

Proof. By [1, Theorem 27], LDBFA
(GBFA) is closed under Rv and Rh. By Table 1, it is closed

under H , as well. As every class LD(GBFA) can be characterized in terms of LDBFA
(GBFA)

by applying appropriate unary operators, the claim follows.

This allows us to conclude that four of our classes coincide.

Corollary 4. LD(GBFA) = Rv(LD(GBFA)) = Rh(LD(GBFA)) = H(LD(GBFA)) for any
direction mode D.

In particular, this corollary is true for D = DBFA. But, how many picture language families
can we describe with our formalism?

Already back in the 1970s, regular matrix languages were introduced and studied in a se-
quence of papers, mainly by groups of Indian authors; see [7], [9]–[11]. Following [1], we call
this picture language class L(RMG).

Theorem 5. L(RMG) = T (LDBFA
(GBFA)) = Q(LDBFA

(GBFA)) =
Q−1(LDBFA

(GBFA)) = T ′(LDBFA
(GBFA)).

Proof. By [1, Theorem 26], L(RMG) = T (LDBFA
(GBFA)). As T ◦Rh = Q, T ◦Rv = Q−1,

T ◦H = T ′ and by Theorem 3, the remaining claims follow.

We can now return to the question we posed above and present the following answer.
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Theorem 6. For each direction mode D, we have either LD(GBFA) = LDBFA
(GBFA) or

LD(GBFA) = T (LDBFA
(GBFA)). Moreover, both possible picture language classes are in-

deed different and properly included in L(GBFA).

Proof. As each possible picture language class that we consider can be written as
O(LDBFA

(GBFA)) for one of the unary operators O that we consider, Corollary 4 and The-
orem 5 together show that at most two different picture language families exist. The separating
examples from [1, Lemmas 45 and 46] prove that these are two different language families, also
separating them from their union, which is L(GBFA).

Corollary 7. ∀O ∈ O : O(L(GBFA)) = L(GBFA).

A useful auxiliary model introduced in [1] was so-called returning finite automata (RFA).
These automata formally look just like BFA, but when they process a picture row-by-row, they
always start processing at the left end of each row. We are going to generalize their work in the
following, again by introducing working modes for them.

5. Generalized Returning Finite Automata
Now, a pair of directions like D = ( s→ ↓ ) is sufficient, indicating that an input array is always
processed row by row, top down, where each row is scanned from left to right; moreover, the
procedure is (here) started at the upper left corner of the array, as indicated by the position of s.
The processing mode just describes coincide with that of RFAs from [1]. Leaving out definitorial
details for now, which are (formally) coinciding with GBFAs, we arrive at language families like
LD(GRFA). Again, we have deterministic variants. There are (again) eight natural processing
modes D:

( s→ ↓ ) , ( s↓ → ) , ( ↓ ←s ) , (← ↓s ) , ( s→ ↑ ) , ( s↑ → ) , ( ↑ ←s ) , (← ↑s ) .

These can be naturally partitioned into the row-first modes Drow−f = {( s→ ↓ ) , ( ↓ ←s ) ,
( s→ ↑ ) , ( ↑ ←s )} and the four other column-first modes in Dcol−f .

Example 8. The set of all arrays over {a, b} that has exactly one row completely filled with b’s
and a’s everywhere else is accepted by a GRFA M as shown in Figure 1. This automaton may
work in any direction mode from Drow−f .

q0

start

q1 q2q4 q3
b

a

#
#

a

#

ba a

Figure 1.: GRFA M that accepts the language in Example 8

As with GBFAs, we can alternatively describe the work of a GRFA working in mode D
by first performing a unary operation on the image and then processing the image in the mode
DRFA = ( s→ ↓ ) that corresponds to RFAs as introduced in [1]. Therefore, we obtain the
following characterizations for these modes.
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Theorem 9. The class LDRFA
(GRFA) coincides with the following classes:

T
(
L( s↓ → )(GRFA)

)
, Rv

(
L( ↓ ←s )(GRFA)

)
, Q−1

(
L(← ↓s )(GRFA)

)
,

Q
(
L( s↑ → )(GRFA)

)
, Rh

(
L( s→ ↑ )(GRFA)

)
, T ′

(
L(← ↑s )(GRFA)

)
,

and H
(
L( ↑ ←s )(GRFA)

)
.

As we have shown in [1] that BFAs and RFAs describe the same class of picture languages,
we can immediately deduce the following classification result of the potentially eight language
classes that we just introduced, based on what we derived previously for GBFAs, as well as based
on the previous theorem.

Corollary 10. 1. For each D ∈ Drow−f , LD(GRFA) = LD(GRDFA) = L(BFA).
2. For each D ∈ Dcol−f , LD(GRFA) = LD(GRDFA) = L(RMG).

In fact, the proof of L(RMG) = T (L(BFA)) that we presented in [1] consisted of two steps:
(a) L(RMG) = T (L(RFA)) and (b) L(RFA) = L(BFA).

6. Catenation Operations
By [1, Theorem 59] and the results of the previous section, we can immediately derive:

Corollary 11. ∀L1, L2 ∈ LDRFA
(GRFA), L1 � L2 ∈ LDRFA

(GRFA).

Corollary 12. ∀L1, L2 ∈ Q(LDRFA
(GRFA)), L1 � L2 ∈ Q(LDRFA

(GRFA)).

Proof. Consider L1, L2 ∈ Q(LDRFA
(GRFA)), i.e., Q(L1), Q(L2) ∈ LDRFA

(GRFA). By the
previous corollary, Q(L2)�Q(L1) ∈ LDRFA

(GRFA). According to Table 2, Q(L2)�Q(L1) =
Q(L1 � L2). Hence, L1 � L2 ∈ Q(LDRFA

(GRFA)).

Define a mapping str : Σ+
2 → (Σ∪ {#})+, W 7→ w where w = w1#w2, |W |c = n, n ≥ 2

and |W |r = 2; moreover, |w1| = |w2| = n, so that |w| = 2n + 1.

Lemma 13. If L ∈ LDRFA
(GRFA) with L ⊆ Σ+

2 , then str(L) is context-free.

Proof. A pushdown automaton uses its finite control as the GRFA and simply checks if the two
rows have equal length by using its pushdown store.

Theorem 14. ∃L1, L2 ∈ LDRFA
(GRFA) : L1 � L2 /∈ LDRFA

(GRFA).

Proof. Let L =
{

1 0`

1 0`
: ` ≥ 1

}
. Clearly, L ∈ LDRFA

(GRFA). However, str(L�L) is a variant
of the crossing dependency language known to be not context-free. By Lemma 13, L � L /∈
LDRFA

(GRFA).

Corollary 15. ∃L1, L2 ∈ Q(LDRFA
(GRFA)) : L1 � L2 /∈ Q(LDRFA

(GRFA)).

Theorem 16. L(GRFA) is closed neither under column catenation nor under row catenation.

Proof. Consider L from the proof of Theorem 14. By Corollary 11, L′ = L � {0}++ � {1}+ �
{0}++ ∈ LDRFA

(GRFA). If L′ � L′ ∈ LDRFA
(GRFA), then also L � L ∈ LDRFA

(GRFA),
contradicting the reasoning from Theorem 14. Interchange arguments as applied in [1, Lemma
45] easily show that L′ � L′ /∈ Q(LDRFA

(GRFA)), intuitively because horizontal lines in
arbitrary positions cannot be checked by finite automata working column by column. Hence,
L′ � L′ /∈ L(GRFA).
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7. Conclusions and Future Research
In this paper, we showed how to use properties of the dihedral group D4 and subgroups of it
in order to obtain results on several families of picture language, with the idea of these groups
acting on said languages.

We also made use of the various interconnections between picture language classes as ob-
tained in [1, Theorems 20 and 26]. In this context, it would be interesting to know if the blow-ups
that we incur in these constructions are avoidable. To make this point clearer, let us make these
blow-ups explicit in the following.

• Each RFA A with q states can be converted into a regular matrix grammar describing
T (L(A)) with O(q × q) many nonterminals.

• Each regular matrix grammar G with n nonterminals can be converted into an RFA de-
scribing T (L(G)) with O(n× n) many states.

• Each RFA with q states can be converted into an equivalent BFA with O(q3) many states.

• Each BFA with q states can be converted into an equivalent RFA with O(q3) many states.

Are these blow-ups unavoidable? Does this mean that the blow-up occurred by starting with
a BFA A with q states, ending up in a regular matrix grammar describing T (L(A)) with O(q6)
many nonterminals, is really the best-possible construction? A similar blow-up occurs in the
reverse direction according to our constructions. Is this unavoidable?

From a practical perspective, the deterministic automata variants are even more important.
Here, it is important (yet sad) to note that their minimization problem is NP-hard, see [1, Cor. 75
and 77]. This makes it also interesting to observe that our conversions between BFAs and RFAs
destroy determinism. Can this be avoided?

A possible further direction of research could be to integrate these models into pattern recog-
nition algorithms. As exhibited by Flasiński in [12], this would necessitate the development of
Grammatical Inference algorithms. In this context, it appears that we have to overcome the fol-
lowing technical problem: mostly, learners converge to canonical hypotheses like minimum-state
automata and hence, efficient learners also comprise efficient state minimization algorithms. As
these do not exist, as mentioned above, we might want to find other canonical objects. Defining
analogues to, say, universal automata and then proving learnability results as done, for instance,
in [13], is again an interesting topic for future research. In fact, relatively little has been done on
the learnability of picture languages, even when using the idea of patterns [14], [15].

A further extension could be to work on automata on other types of picture structures, for
instance, hexagonal ones or structures based on Cayley graphs; see [16], [17].
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