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Abstract. This paper presents an innovative environment representation technique for
mobile robots, incorporating obstacle detection within their operational space. Leveraging the
fuzzy signature method, this approach uses quadtrees for efficient data organization. A set of
fuzzy rules evaluates feature points to ascertain the relevance of identified obstacles. These
points and their fuzzy associations are systematically arranged using a quadtree structure.
The environmental model is reconstructed by traversing this tree and applying the established
fuzzy rules. This paper has achieved a high-resolution grid representation of 0.1m within a
20m×20m area. Notably, the inference operation completes in just 0.5 ms, underscoring the
method’s efficiency. Additionally, the technique is optimized for low memory consumption,
demonstrating effective resource management even on older PCs, such as an Intel Core Duo
2 with 16 GB RAM. This representation is designed to support advanced robotic functions,
such as obstacle navigation in a distributed computing environment.

Key-words: A* search algorithm; environment representation; fuzzy signatures; fuzzy
systems; quadtrees; robotics.

1. Introduction
This paper presents a novel technique for mobile robot environment representation, leverag-

ing fuzzy signatures and quadtrees for efficient obstacle detection within the operational space
of the robot. The proposed method achieves rapid, high-resolution grid mapping with minimal
memory usage, suitable for older computer systems. The potential to extend this representation
into three-dimensional space is introduced, enhancing motion planning and navigation for au-
tonomous robotic systems. These advancements represent a significant contribution to the field,
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offering a scalable and adaptable solution for complex robotic applications. The rest of the In-
troduction part is provided as a separate file in [1], and its references are shown in [2–4].

In the forthcoming sections, this paper will systematically explore the various aspects of the
novel environment representation technique. Section 2 surveys the existing literature. Section 3 is
a comprehensive exposition of the theoretical backgrounds of the proposed technique, detailing
the intricacies of fuzzy signatures, fuzzy signature sets, fuzzy signature class, quadtrees and
the A* graph-based pathfinding algorithm. Section 4 provides a synthesized view of the used
algorithm, illustrating its application into mobile robots. Section 5 evaluates the performance
and efficacy of the proposed technique through the results obtained. Section 6 concludes the
paper, summarizing the key findings and discussing potential directions for future work aimed at
further enhancing the capabilities of mobile robot systems.

2. Related Work
In the domains of robotics and vehicle engineering, a variety of methods exist for repre-

senting environments in both two and three dimensions. One such method is occupancy grid
mapping, which offers a 2D depiction of the environment surrounding a given robot or vehicle.
This technique is highly favored for its straightforward integration with mobile robots. Nonethe-
less, scalability poses a challenge, as the computational demands escalate with finer resolutions
or larger map sizes. Consequently, occupancy grid mapping is predominantly utilized for repre-
senting static environments [5].

Moving to a different approach, graph-based simultaneous localization and mapping (SLAM),
as detailed in [3], offers an alternative way to represent the environment. This method requires
additional processes, including data filtering, to construct and optimize a map by correlating
various sensor observations over time.

While some approaches prefer to maintain perceived data within a geometric framework,
such as motion primitives [7] or probabilistic roadmaps [8], these are noted for their efficacy
in managing large-scale environments. To improve feature indexing within these methods, spa-
tial data structures like quadtrees and octrees are often utilized, offering a more sophisticated
alternative to simple queues and arrays.

In the realm of navigation and localization for mobile robots, the adoption of advanced non-
linear modeling techniques such as dynamic Bayesian networks, recurrent neural networks, ten-
sor product-based transformations and fuzzy systems based methodologies offer considerable
potential [9–11]. These sophisticated modeling approaches enable the system to accurately rep-
resent complex cognitive processes, intricate spatial relationships and uncertain environmental
conditions, which are crucial for navigating and understanding indoor spaces [12]. In order to
integrate these diverse strategies for navigation and localization purposes, there is a need to de-
velop a comprehensive and robust environment representation system that can effectively support
tackling the complexities and challenges of real-time navigation and task execution in dynamic
environments.

Concurrently, other research endeavors in path planning [13], indoor navigation [14] and po-
sitioning [15] have introduced flexible environment modeling and localization techniques. These
studies have achieved considerable results, yet they highlight a development opportunity: the
need for a more accurate representation of the environment to support task completion in au-
tonomous systems.

On the other hand, fuzzy signatures have demonstrated remarkable success in diverse control
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scenarios within autonomous systems. Applications such as motion control in mobile robots [16]
and autonomous vehicle steering angle control [17] have all benefited from the implementation of
fuzzy signatures. Given their proven track record, fuzzy signatures could be the key to bridging
the gap identified in the aforementioned studies. By incorporating fuzzy signatures into environ-
ment representation for mobile robots, there is potential to significantly enhance the capabilities
of autonomous systems, ensuring more robust and reliable navigation and task execution.

3. Methodology

In the subsequent section, a comprehensive review of the research is conducted pertaining to
the method introduced. An in-depth discussion of the foundational principles of fuzzy signatures
is presented. Additionally, an overview of quadtrees is provided to establish the foundational
concept behind the proposed approach.

3.1. Fuzzy signatures

Fuzzy signatures are considered a framework for representing symbolic data. By definition,
fuzzy signatures are a distinct kind of multidimensional data structure where specific dimensions
are interlinked, creating a group of variables that collectively define a complex feature [18]. The
concepts of fuzzy signatures and fuzzy signature trees are founded on the following recursive
definition of the set S(n). Let R represent the set of real numbers. The set S(n) is recursively
established as follows as the Cartesian product of its elements Si:

S(n) =

n∏
i=1

Si (1)

where each Si is either the set of real numbers R for i ranging from 1 to n (denoted as i ∈
1, 2, . . . , n), or Si is another set S(m) with m being greater than or equal to 1. Here,

∏
denotes

the Cartesian product operation.
Consider X as a nonempty set. The set of fuzzy signatures is then characterized by the

function A : X → S(n). For any element x ∈ X , its fuzzy signature is A(x), which is presented
in the following nested vector form:

A(x) =



...

ai

[
ai+11

ai+12

]
[
ai+21

[
ai+221

ai+222

]]
...


(2)

The elements such as a1, a2, . . . , an, ai1, ai2, . . . , aim, . . . , ajkl, . . . found within the fuzzy
signatures defined in (2) are referred to as the values of the fuzzy signatures [19]. An example of
a fuzzy signature in nested vectors form is:
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A(x) =



[
a11
a12

]


a21[
a221
a222

]
a23


a3


(3)

and the corresponding structure of the fuzzy signature tree is depicted in Fig. 1.
In this structure, the subgroup [a11 a12] forms a composite variable at a higher level, rep-

resenting a1. Similarly, the elements [a21 [a221 a222] a23] combine to constitute [a21 a22 a23],
then a2. Ultimately, this leads to the exemplary fuzzy signature being represented as A(x) =
[a1 a2 a3]

T .
The relationships between the various levels of the fuzzy signature are established through

a series of fuzzy aggregation operations assigned to the intermediate nodes of the tree graph,
including the root. The outcome of the parent fuzzy signature at each level is derived by appro-
priately aggregating the child fuzzy signatures from its branches. For instance, if @1 is the aggre-
gation operation that combines a11 and a12 to calculate a1, then a1 is obtained by (a11)@1(a12).
As indicated in Fig. 1, the aggregations for the entire fuzzy signature structure in this example
would involve @1, @2, @22 and @0. These aggregation operations, @1, @2, @22 and @0, could
be different or the same. A simple choice for each could be the minimum aggregation operator,
a commonly used t-norm. Moreover, if the rule base of the fuzzy system is well-defined, it can
guide the aggregation process. This process is crucial for merging several input values to yield
a singular output value within the system. The demonstration of the operation will utilize the
fuzzy signature values corresponding to the structure presented in the example, as shown in (3)
and Fig. 1.

Fig. 1. Exemplary fuzzy signature tree.

Each fuzzy signature encapsulates information relevant to a particular data point, denoted as
A(x). As one ascends the structure of the fuzzy signature, the amount of detail encapsulated
diminishes. In certain operations, it becomes necessary to summarize and amalgamate informa-
tion derived from an alternative source, particularly when specific detail variables are absent or
local details are omitted [20]. This need for condensation often occurs during the interpolation
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process within a fuzzy signature rule base, especially when the fuzzy signatures adjacent to a spe-
cific observation do not possess identical structures. Under such circumstances, it is imperative
to identify the largest shared subtree and reduce all fuzzy signatures to that common level. This
reduction enables the possibility of performing interpolation between the respective branches, or
in some cases, directly between the roots, as outlined in [16].

A numerical illustration of the aforementioned exemplary fuzzy signature is presented in (4).
For the sake of this example, let’s assume that the minimum (min) aggregation operator is
applied at lower levels and maximum (max) aggregation operator at the top level:

A(x) =



[
0.4
0.5

]


0.3[
0.5
0.7

]
0.6


0.9


(4)

The topmost level of the fuzzy signature structure can be determined as shown in (5) by
executing the specific aggregation operations on the subordinate levels. For the lower levels, min
aggregation operator is used which correspond to @1, @2 and @22 while the max aggregation
operator is applied at the top level, corresponding to @0:

A(x) =>


0.40.30.5
0.6


0.9

 =>

0.40.3
0.9

 =>
[
0.9

]
(5)

3.2. Fuzzy signature sets

At their core, the structure of fuzzy signature sets bears a resemblance to that of fuzzy
signatures. The primary distinction lies in the fact that each branch of the structure is composed
of membership functions rather than fuzzy values. For example, (6) delineates the fuzzy signature
sets S(x) that was previously outlined in (3). Fig. 2 illustrates the tree structure of the fuzzy
signature sets [21]. The only constraint imposed on the membership functions is that their domain
must be confined to the interval [0, 1]:

S(x) =



[
µ11(x)
µ12(x)

]


µ21(x)[
µ221(x)
µ222(x)

]
µ23(x)


µ3(x)


(6)
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Fig. 2. Tree based representation of fuzzy signature sets.

3.3. Fuzzy signature class
Depending on the proximity of an obstacle, a robot will generate fuzzy signature values for

each obstacle relative to their location within the robot’s coordinate system. The fuzzy signature
class P describes the positions of the each obstacle with fuzzy values and it can be represented
in terms of:

P =


x
y

Fx(x)
Fy(y)

 (7)

The elements of the position fuzzy signature class (P ) are the fuzzy values that represent
the distances in relation to the x, y directions as well as their corresponding fuzzy sets Fx(x),
Fy(y), respectively. These fuzzy values provide a way for the robot to quantify and reason
about the positions of obstacles in its environment in a manner that accounts for uncertainty and
imprecision, which are inherent in real-world scenarios.

3.4. Quadtrees
Quadtrees [22], which are tree-structured data representations, efficiently store 2-dimensional

spatial information. These structures have demonstrated their value in fields such as image pro-
cessing and shape reconstruction, offering typical tree-based asymptotic benefits and enabling
certain operations, like interval and point searches, to be conducted with high efficiency. It is
important to recognize that in the tree-like perspective of a quadtree, each node invariably has
four child nodes. Additionally, quadtrees are typically confined within a finite spatial boundary
that undergoes recursive subdivision. The concept of quadtrees can be expanded to encompass
3-dimensional spaces, where the number of child nodes per parent increases to eight, akin to
octrees [23], [24].

The core principle of the algorithm involves partitioning the space into distinct sectors. Each
point is allocated to a particular sector based on its relative position to the sector’s origin and
the new point being included. Successive points are consistently inserted into the appropriate
subsector after it is identified. This insertion process continues until a predetermined depth is
achieved within a subsector. Unlike the original implementation of quadtrees, which splits the
space into equal-sized sections, Fig. 3 illustrates a quadtree formed from a collection of points,
visibly demonstrating the spatial subdivision according to the placement of geometric points.
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Fig. 3. Quadtree example with points inserted.

Consider a quadtree where each node represents a partition of the space. Initially, the quadtree
is empty with a single node representing the entire area. As points are inserted into the quadtree,
the space is subdivided into smaller regions.

In visual representation shown in the Fig. 3, a series of nested squares or rectangles can be
seen, each subdivided into four smaller regions, with points (represented by dots) situated within
the smallest applicable subdivision.

3.5. A* graph-based path finding algorithm
The A* algorithm, originally devised by Hart and his team [25], serves as a grid-based

method to determine the shortest path for a given problem. It’s widely utilized to pinpoint the
least costly route from an origin to a destination. Renowned for its superior performance and
reduced computational burden, A* has proven to be a potent path finding tool across various
sectors, including satellite navigation for road vehicles as well as in the routing strategies for
robots and vehicles [26]. The algorithm’s core strategy involves calculating the cost f(n) to
access all neighboring nodes, with n denoting an adjacent node. The aim of A* is to progress
into a state (node) that has the smallest f(n) value, which is computed in terms of:

f(n) = g(n) + h(n) (8)

In this formula, g(n) refers to the actual distance or cost from the starting node to the node
in question, n, while h(n) is the heuristic predicted value of the node. Therefore, the search
algorithm consistently selects the node with the lowest f(n) value for further expansion in each
search iteration. Steps of the A* graph based path finding algorithm is described in Section 2 of
the supplementary material provided in [1].

4. Overview of the Approach
The methodology synergizes spatial data structures, particularly quadtrees, with fuzzy systems-

based approaches for depicting environmental features, culminating in a unified and expan-
sive format. The development of this method drew inspiration from Fuzzy Situational Maps
(FSM) [27], which similarly segment the robot’s operational space into zones of interest with
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varying levels of detail. The objective is to systematically arrange obstacle points and link them
with fuzzy values, which are derived from rule sets that appraise the relative importance of each
point. Upon completion of the construction process, every node within the quadtree encapsulates
a (x, y,Fx(x),Fy(y)) 4-tuple, which includes the geometric coordinates (x, y) and the fuzzy
sets (Fx(x), Fy(y)) evaluated on the respective X-Y axes, thereby containing data analogous to
the fuzzy signature outlined in Fig. 2. If desired, the result of defuzzification can be appended to
each node to facilitate inference. Furthermore, nodes may also store details about membership
functions and their parameters to enhance the subsequent inference process. In the context of
this article, the quadtree’s central point is invariably positioned at the robot’s center.

To translate node coordinates into fuzzy sets along each axis, fuzzy rules Fx and Fy have
been established (with membership functions illustrated in Fig. 4). Each set is imbued with the
following interpretations:

• Negative Far (NF): This signifies that the identified attribute is at a considerable distance
from the robot on the negative-axis side, thus not presenting any immediate danger.

• Negative Near (NN): This denotes that the recognized feature is relatively close to the robot
on the negative-axis side, thereby posing a significant risk.

• Danger (D): This indicates that the detected feature is at a perilously close proximity to
the robot, necessitating immediate action to avoid a potential collision.

• Positive Near (PN): This is analogous to NN, but it pertains to the positive direction of the
axis.

• Positive Far (PF): This corresponds to NF, but it relates to the positive side of the axis.

8 6 4 2 0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

NF
PF
PN
NN
Danger

Fig. 4. Fuzzy membership functions associated with axes signatures.

The process of creating the environmental representation can be distilled into the following
sequential steps, utilizing a collection of 2-dimensional obstacle points denoted as P :

1. Initialize the quadtree q to encompass the specified boundary range.

2. For each point p in set P , subdivide the space, making p the center of the new sector.
Evaluate the fuzzy sets for p, assigning them alongside their coordinates, and customize
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the obstacle’s membership function based on its features. Initialize each node with four
leaf nodes, each with defined subdivided boundaries but no values.

3. If a sector reaches its final depth limit, update the fuzzy signature value. Reparameterize
the membership functions if necessary, such as when encountering a new obstacle with
more significant features or based on the results of defuzzification.

The algorithm of the proposed method employing fuzzy signatures and quadtree organization
can be seen in Algorithm 1:

Algorithm 1 Quadtree Construction with Fuzzy Signatures

Require: Set of points P , Boundary range for quadtree q
Ensure: Quadtree q with fuzzy signatures for environment representation

1: Initialize quadtree q with the specified boundary range
2: for each point p ∈ P do
3: Subdivide space, setting p as the center of the new sector
4: Evaluate fuzzy sets for p and assign alongside coordinates
5: Customize membership function for the obstacle based on features
6: Initialize each node with four leaf nodes with defined boundaries
7: if sector reaches final depth limit then
8: Update fuzzy signature value
9: Reparameterize membership functions if new obstacle is significant

10: end if
11: end for

Fig. 5 illustrates a sample quadtree that has been constructed using the aforementioned
method. The inferential procedure can leverage the tree characteristics of the formulated rep-
resentation. For instance, during the generation of a grid or the employment of points from a
Voronoi diagram, each point can undergo evaluation through the defuzzification process of the
tree.

Taking into account the previously mentioned methodologies alongside the newly suggested
concept, the integration of fuzzy signatures with a quadtree-based environmental representation
emerges as a promising approach in terms of both computational efficiency and dimensional
management. The initial outcomes of this proposed idea are showcased in Section 5.

5. Results
Utilizing the environment representation generated by the proposed technique, a grid was

constructed to assess the preliminary efficacy of this representation. The grid was confined within
the specified boundary limits. During the iterative process on each node, the inference was con-
ducted based on a product-sum evaluation, which utilized inferred membership weights assigned
during the insertion phase, in conjunction with the cylindrical extension of rules pertaining to the
X-Y axes. The sub-grids obtained from this evaluation were then aggregated to form the final
grid.

This approach allows for the generation of increasingly detailed grids. The algorithm con-
tinues to refine the grid until the necessary resolution is reached to identify each object within
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Fig. 5. An example of quadtree subdivision using the proposed method is illustrated, where the
red circle indicates the starting position, blue circles represent obstacle points, orange circles
denote the center points of leaf-node subdivisions, and purple rectangles outline the boundaries
of each depth level.

the surroundings of the mobile robot. The process of grid creation is a complex one involving
the organization of fuzzy signatures and quadtrees. This is done by dividing each section into
four using quadtrees. The resulting information is then stored in fuzzy signatures. This opera-
tion is repeated iteratively until every object is detected, ensuring comprehensive coverage and
representation of the environment.

For instance, the fuzzy signature graph that corresponds to the example illustrated in Fig. 5
is shown in Fig. 6. Here, S1 denotes the top-right section, while S2, S3, and S4 represent the
subsequent sections in a counterclockwise direction starting from S1. Additionally, S31, S32,
S33 and S34 represent each subsection of the S3 section. This indicates that there are closer
obstacles in section S3, necessitating a higher resolution to provide more detailed information
about its subsections. This visual representation provides a clear picture of how the environment
is divided and represented, as well as how the position information of the obstacles is stored,
further demonstrating the effectiveness of the proposed approach.

Upon this grid, a well-known graph-based path finding algorithm (A*) was implemented.
The algorithm commences from the central point and navigates towards a pre-determined target
location. This demonstrates the practical application of the grid, showing how it can be used
to guide a robot through its environment. To test the efficacy and efficiency of the approach,
a rudimentary Python-based implementation was employed, and numerous input points were
incorporated. This enabled the generation of a grid representation with a 0.1m resolution over a
20m× 20m area. The inference operation was completed in approximately 0.5 ms, showcasing
the speed of the proposed approach. Moreover, the process did not demand substantial memory
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Fig. 6. Fuzzy signature graph of the shown example corresponding to the mobile robot environ-
ment representation.

resources, even on an older generation PC (Intel Core Duo 2, 16 GB RAM) at the specified grid
resolution. This highlights the scalability and resource efficiency of this novel approach. The
software developed for this purpose is accessible for download from the Github repository 1.
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Fig. 7. Inference grid of the quadtree-based signature representation (grid and image-view).

6. Conclusions
This paper has explored a novel method for representing environments, specifically tailored

for mobile robots. The approach amalgamates fuzzy signatures with quadtrees to efficiently
encapsulate sparse data on obstacles and other geometric features that a mobile robot may en-
counter. The efficacy of the inference technique has been showcased with a simple grid-based ex-
ample, which subsequently informs a general motion planning algorithm. Currently, the method
is presenting a wealth of opportunities for enhancement by providing promising results for mo-
bile robot environment representation task.

One potential application of the discussed quadtree structure is in the creation of a Voronoi
diagram-based environmental model. Such a model would retain critical information, such as
open spaces and obstacle positions, in a sparse and geometrically intuitive manner. This could

1https://github.com/robotlabor-nexus/fuzzy signatures
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directly benefit motion planning and navigation algorithms that rely on geometric data [28], [29].
Further advancements might also explore the integration of the representation’s mapping output
with machine learning systems, such as neural networks.

The current format has the potential for expansion to include three-dimensional data, along
with a suitable inference interface. This extension could benefit from the principles of existing
spatial data structures, such as octrees, which employ eight child nodes for each parent node.
A specific application of this three-dimensional data expansion could be tasks performed by
autonomous drone systems, such as monitoring [30], navigation [31] and path planning [32]
activities.

From a technical standpoint, the implementation could be adapted for use within a distributed
system, such as the Robot Operating System (ROS), which is widely used in robotics. Addition-
ally, enhancing the solution to account for dynamic changes in the environment, such as moving
or vanishing obstacles, could pave the way for the application of this method in real-world sce-
narios.

Acknowledgement. L.T. Kóczy is Professor Emeritus at Budapest University of Technology
and Economics.
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