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Abstract. The paper discusses two algorithms for accurately determining solutions to
the transcendental thermionic emission equation, which is the cornerstone of forward elec-
trical behavior in Schottky diodes. The numerical techniques are developed based on the
Newton-Raphson and Halley methods. Both approaches use distinct forms for the thermionic
emission expression, emphasizing robustness against numerical overflows. Parameter ini-
tialization, complexity and applicability are discussed for each technique. A comparison is
carried out between forward characteristics simulated with the two methods, which are then
also used for characterizing real SiC-Schottky diodes. Results evince complete compatibility
and highly accurate approximations of experimental measurements (R2 ∼= 99.9%) on devices
with different contact compositions.
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1. Introduction
High quality metal-semiconductor interfaces represent the primary indicator of a technolog-

ical process’s level of maturity [1]. Indeed, ohmic contacts [2] are present universally in any
finished electronic device, while Schottky contacts [3] with stable and predictable electrical be-
havior indicate that a technology is well on its way to becoming mainstream. Such was the
case for silicon carbide (SiC) device processing, where the Schottky diode was the first com-
mercially available device, followed closely by MOS transistors. Presently, SiC technology is
proliferating in power applications [4], with intense scientific efforts being channeled towards
high-performing sensors [5].

Despite being a pivotal structure for many decades, the Schottky diode, governed by the
thermionic emission (TE) current conduction mechanism, is still challenging to properly charac-
terize [1], [4], [5]. As these devices have considerably expanded their operational temperature
ranges [6], puzzling effects, such as contact inhomogeneity [6]-[12] have emerged with dominat-
ing impact on electrical behavior. Unexpectedly, contemporary approaches continue to rely on
traditional techniques or have only recently transitioned to seamless computer-aided modeling
[13], [14] as opposed to concentrating on developing and adapting models to account for these
spurious occurrences.

The prediction of electronic device behavior has begun to be achievable with the emergence
of neural network-powered optimization methods [15], through the use of arbitrary functions
rather than relying on the physical significance of the employed parameters. Methods such as
artificial neural network, advanced swarm intelligence, equilibrium optimizer [16], and artifi-
cial bee colony are employed to determine the electrical parameters of Schottky diodes. Using
a swarm intelligence technique known as the dragonfly algorithm (DA), in [17], the impact of
temperature on these parameters was examined. In [18], the authors determined them using a va-
riety of meta-heuristic optimization algorithms, including equilibrium optimizer (EO), artificial
hummingbirds algorithm (AHA), genetic algorithm (GA), Dragonfly Algorithm (DA), ant lion al-
gorithm (ALO), and particle swarm optimization (PSO). The outcomes demonstrated that the es-
timation performance of the artificial hummingbirds algorithm (AHA) was superior to that of the
alternative methods employed. It was determined that artificial intelligence data can be used to
compute electrical parameters. In [19], the authors modeled the temperature-dependent current-
voltage characteristics of Schottky diodes by employing a number of widely used machine learn-
ing techniques. Rabehi et al. [16] used the equilibrium optimizer algorithm to determine diode
parameters, which were in good agreement with those extracted by conventional means. Çolak
et al. [20] used artificial neural networks (ANNs) to simulate temperature-dependent current-
voltage characteristics, with successful results. In [21], a neural network model was developed
to predict electrical parameters with an average deviation of 0.11%.

While the aforementioned approaches prove that emerging computing techniques have the
potential to lead the development of the Schottky diode characterization field, they are still at very
early stages. Most of the solutions only focus on actual forward curve fitting, without particular
focus (or reliance) on the physical relevance of obtained parameters. A bridging between these
approaches and consecrated advanced analytical modeling of the Schottky contact is necessary
in order to ensure the comprehensive utility of results (for performance assessment, technology
improvement and application-simulations).

Acknowledging the potential justification and advantages of these current methodologies,
this paper investigates high-fidelity simulation methods for the TE-based conduction mechanism
of a Schottky diode over ample temperature ranges. Section 2 discusses the context and cur-
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rent issues in solving the thermionic emission equation. In order to ensure accurate modeling
of actual device behavior, two prospective algorithms are analyzed and compared in Section 3,
with respect to their convergence speed and implementation complexities. The simulated and
experimental results given in Section 4 constitute a key step towards implementation of an ac-
curate, automated characterization tool, driven by emerging optimization algorithms. Finally,
conclusions are drawn in Section 5.

2. Context and Issues
As previously stated, a Schottky diode’s forward current (IF ) as a function of applied voltage

(VF ) is described by the TE equation:

IF = IS

[
exp

(
VF − IFRS

nVth

)
− 1

]
, (1)

where

IS = ASAnT
2 exp

(
−ΦBn

Vth

)
, (2)

AS is the nominal contact area, An is the Richardson constant, T is ambient temperature, Vth

is its associated thermal voltage, ΦBn is the Schottky barrier height (SBH), RS is the series
resistance and n is the ideality factor. Equation (1) is predominantly used in applications pertain-
ing to Schottky diode characterization, either directly or as the underlying model (with different
functions associated to its key parameters).

Usual simplifications of (1) include neglecting the ”−1” end term (which is only impactful
at very low bias, where VF is comparable to 3Vth) or not considering the series resistance ef-
fect (significant at higher voltages, where the device essentially exhibits ohmic behavior). Under
such assumptions, the natural logarithm of (1) becomes a linear dependence between ln(IF )
and VF . The interpretation of slope and intercept values for this function, at different temper-
atures, has been the cornerstone of Schottky diode parameter extraction for decades. However,
with the rapid technological advances in the field of wide bandgap semiconductor devices, fore
fronted by Schottky diodes, it quickly became obvious that this technique produces misleading
or outright erroneous results when applied over wide temperature ranges. The obvious reason is
that both Vth and IS increase substantially with temperature, which narrow down or completely
eliminate the bias interval where the aforementioned simplifications are valid. Perhaps an even
more impactful cause is the presence of inhomogeneity on the contact surface, which determines
a real Schottky diode to behave as multiple such devices connected in parallel [6]-[12]. These
parasitic-diodes can considerably influence current flow, especially at low temperatures. Since
their main parameter values are uncontrollable, especially RS , finding a bias interval where all
of these devices may be modeled by a simplified TE equation becomes nearly impossible.

Because of these considerations, it is clear that modern modeling of a Schottky diode requires
methods to accurately estimate solutions for the complete TE eq. (1), over an extensive range of
parameter values. However, it can be observed in (1) that IF (VF ) is a transcendental function,
which is not tractable analytically. A potential work-around may be switching to a VF (IF ) rep-
resentation, which can be completely solved with conventional methods. However, this approach
is almost never used, mainly due to the following taxonomy: (a) data acquisition is preferen-
tially performed as a function of applied voltage (e.g. I-V, C-V measurements) and (b) modeling
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and optimization is usually evaluated per individual data point. Furthermore, some parameters
in (1) explicitly relate to VF dependence (e.g. voltage dependence of SBH is expressed by the
introduction of n, while keeping ΦBn constant). Other approaches, such as using the Lambert
W function [22] can offer analytically-solvable versions of (1). However the Lambert W itself
cannot be exactly determined. As such, iterative algorithms become an attractive alternative in
order to accurately estimate IF at each given VF , usually for fixed forward voltage steps.

3. Techniques to Simulate Schottky Diode IF (VF) Dependence
Two methods of iteratively solving (1) are investigated. For each, the TE equation is ex-

pressed in a convenient form, ensuring robustness to numerical overflows.

3.1. The Newton-Raphson technique
One of the consecrated methods of estimating the solution of an equation, which isn’t analyt-

ically tractable, is the Newton-Raphson technique (NRT). Given a differentiable function f(x),
if you estimate its root as x0, then a more accurate value would be:

x1 = x0 −
f(x0)

f ′(x0)
, (3)

where f ′ is the first order derivative of the function. This process can be continued until the
estimate is considered sufficiently precise.

In order to implement this approach for estimating IF (VF ), equation (1) is rewritten as:

ln

(
IF + IS

IS

)
=

VF − IFRS

nVth
. (4)

Since the value of IS can span tens of orders of magnitude for different SBH over wide
temperature ranges, (4) was further reformulated

nVth ln

(
IF + IS
ASAnT 2

)
+ nΦBn = VF − IFRS , (5)

giving a final form of the function to be processed by the Newton-Raphson technique, f [14]:

f(IF,0) = nVth ln

(
IF,0 + IS
ASAnT 2

)
− VF + nΦBn + IF,0RS . (6)

Thus, we can determine the approximation of the forward current as:

IF,n+1 = IF,n −
nVth ln

(
IF,n+IS
ASAnT 2

)
− VF + nΦBn + IF,nRS

nVth

IF,n+IS
+RS

. (7)

Expression (7) has the advantage that all of its terms are robust against overflows. To further
ensure this aspect, in the practically implemented version of the algorithm, we capped the min-
imum exponent for IS calculations. A value of (−70) was selected, far exceeding the precision
of conventional practical measurement systems. Since (7) sums this parameter with IF,n at ev-
ery occurrence, the overall method accuracy is virtually unaffected. The stopping points of the



200 G. Pristavu et al.

algorithm were set when either two subsequent estimations reached a ratio higher than 0.9999 or
one thousand iterations are performed.

A critical element for proper convergence of the NRT approach is selecting an adequate initial
estimation (IF,0). For our implementation, two cases are considered. For low bias, where series
resistance has negligible impact on forward characteristics,

IF,0
∼= ASAnT

2 exp

(
VF − nΦBn

nVth

)
(8)

ensures proper current estimation and overflow robustness until the series resistance effect be-
comes predominant. Here, at higher bias, when condition (8) leads to final current (IF,n) many
times lower than IF,0, a new definition for the initial estimate is employed, ensuring that it stays
close to the actual solution [14]:

IF,0 = IF,n(p) +
∆VF

RS
, (9)

where IF,n(p) is the estimated value for the previous data point and ∆VF is the measurement
voltage step.

3.2. Halley’s method
One notable drawback of the previous technique is that the accurate initial estimates re-

quire sequential determination of currents, which is unsuitable for modern parallel computing
approaches. Additionally, the convergence speed is just quadratic. As such, a better performing
approximation may be obtained using Halley’s method (HM). According to it, the estimation of
a function’s root is subsequently improved as such:

xn+1 = xn − 2g(xn)g
′(xn)

2g′(xn)2 − g(xn)g′′(xn)
, (10)

where g′′ is the second order derivative of the function.
In this case, the expression of the g(x) function is sought to be

g(x) = x+ ex − a. (11)

In order to achieve this form, (1) was rewritten as

IF − IS exp

(
VF − IFRS

nVth

)
= −IS . (12)

After multiplying by −RS , adding VF and dividing by nVth, we obtain

VF − IFRS

nVth
+

ISRS

nVth
exp

(
VF − IFRS

nVth

)
=

VF + ISRS

nVth
. (13)

We add ln ISRS

nVth
and move the factor ISRS

nVth
to the exponent, yielding

ln

(
ISRS

nVth

)
+

VF − ISRS

nVth
+ exp

[
ln

(
ISRS

nVth

)
+

VF − IFRS

nVth

]
=

= ln

(
ISRS

nVth

)
+

VF + ISRS

nVth
.

(14)
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Finally, the desired expression (11) can be achieved by denoting

a = ln

(
ISRS

nVth

)
+

VF + ISRS

nVth
, (15)

x = ln

(
ISRS

nVth

)
+

VF − IFRS

nVth
. (16)

The value of x, given by (16), is optimized using (10) and (11), yielding

xn+1 = xn − 2(xn + exn − a)(1 + exn)

2(1 + exn)2 − (xn + exn − a)exn
. (17)

To avoid overflows and improve numerical stability, for a values higher than zero, equation
(7) was normalized by e−xn (both nominator and denominator were divided by this value). Fi-
nally, according to the procedure described in [22], we initialize the optimization algorithm as:

x0 =

{
a, a < 1/e

ln(a), a ≥ 1/e
(18)

After the x estimate is obtained using Halley’s method, the forward current can be determined
from (15) [14]:

IF =
1

RS

[
VF − nVth

(
x− ln

ISRS

nVth

)]
. (19)

This approach has cubic convergence speed and allows simultaneous estimation of IF values,
at all forward voltages and temperatures. Its drawback is that it requires second order derivative
calculations, which can be difficult to even estimate automatically. In our case however, the
suitable definition (11) allows easy calculation of (17) and its normalized variant.

4. Results
The IF-VF simulation methods presented in Section 3 were practically implemented in sep-

arate programming languages. C++ was used for the Newton-Raphson technique, while Python
was preferred for Halley’s approximation, due to its suitability in parallel computing. Figure 1
presents simulated forward characteristics for a 1 mm2 SiC-Schottky contact area, using both
approaches, over the 25 − 400◦C temperature range. High (1.7V ) and low (1.2V ) values for
the Schottky barrier were considered, corresponding to specific high-temperature and efficient
switching applications, respectively. A series resistance RS = 10Ω was used. Notably, we en-
forced the ideality factor limit of n = 1.03 throughout the temperature and bias range, as this is
the highest value corresponding image-force lowering in pure, TE-based conduction [8]. Excel-
lent agreement between both simulation techniques is noted, with coefficients of determination
(R2) above 99.99% [14].

The adequacy of the two methods for simulating the behavior of practical devices was also
assessed. Forward curves of Schottky diodes with various contacts were measured in encom-
passing temperature domains. High barrier Ni/4H-SiC and low SBH Ti/4H-SiC and Cr/4H-SiC
contacts were selected for analysis.
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Fig. 1. Simulated forward characteristics for a 1 mm2 SiC-Schottky contact area, using NRT
(symbols) and HM (lines), over 25− 400◦C: a) High SBH; b) Low SBH [14].

Figure 2 depicts the measurement-simulation comparison, carried out both at room and at
suitably high temperatures (400◦C for Ni-SiC and 227◦C for Ti-SiC). Simulation parameters
are given in Table 1. In order to partially account for contact inhomogeneity, the effective area
(Aeff ) was considered instead of AS [10]. Table 1 values confirm the practical relevance of the
simulation parameters considered in the initial NRT-HM comparison (Figure 1).

Table 1. Ti/4H-SiC and Ni/4H-SiC Simulation Parameters [14]

Schottky contact Parameters
ΦBn [V ] Aeff [mm2] n RS [Ω]

Ti/4H-SiC 1.22 0.82
1.03

7− 9.5
Ni/4H-SiC 1.7 0.03 2.5− 8

In Figure 2, both simulated curves are in very good agreement (R2 > 99.99%) [14]. They
closely approximate measurements, even at high temperature and very low bias levels, as con-
firmed by the high value for R2 given in Figure 2 inset. Notably, the transition regions between
exponential and linear IF-VF dependence (corresponding to RS effects overtaking thermionic
emission) are also well reflected by simulations.

Finally, the NRT and HM were used to simulate forward behavior of a Cr/4H-SiC Schottky
diode over an extensive temperature span (22◦C−406◦C), depicted in Figure 3, with parameters
given in Table 2. It can be seen that, for such a low SBH contact, the forward characteristics
exhibit clear exponential current-voltage behavior only up to 227◦C, similar to the Ti/4H-SiC
device in Figure 2. Above this limit, the considerable increase in thermal voltage and series re-
sistance make all the terms in the thermionic emission equation significant. Furthermore, clear
evidence of contact inhomogeneity can be observed for the 406◦C temperature level (red colored
curve in Figure 3, with a significantly different allure). At this overstretching point, the series
resistance of the contact region that was dominantly responsible for current flow surges dramat-
ically. In this case, the p-diode inhomogeneity model, with two parallel-diodes, is suitable [10].
Their parameters are also given in Table 2. As bias increases, the high RS suppresses the Dp1
contribution to total IF . This enables Dp2, with a previously negligible effect, albeit with a much
higher effective area, to overtake conduction.
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Fig. 2. Measured forward curves (symbols) for Schottky diodes with Ni/4H-SiC and Ti/4H-SiC
contacts, together with NRT (lines) and HM (dashed lines) simulated data [14].

Despite this situation, both simulation methods produce highly accurate fittings of measured
data, once again with R2 around 99.9%, even above 227◦C. More so, the forward character-
istic at 406◦C is excellently replicated, when considering the lumped contributions of the two
aforementioned parallel-diodes (Dp1, Dp2 - Table 2).

The results presented in this section confirm the suitability of the two methods in simulating
the forward behavior of practical Schottky diodes over exhaustive temperature intervals. Further-
more, highly promising prospects of integration in automated inhomogeneity modeling tools are
evinced.

Even though both the NRT and HM produce nearly identical results, for the parameter ex-
traction and optimization processes, which entail a large complexity order, Halley’s method is
preferred. This is due to its compatibility with parallel computing. The validity of obtained pa-
rameters can be confirmed with the NRT, which boast accurate and robust simulation capabilities
over any complete set of realistic temperature and bias regions.

Table 2. Cr/4H-SiC Simulation Parameters

Cr/4H-SiC Parameters
ΦBn [V ] Aeff [mm2] n RS [Ω]

22◦C − 386◦C 0.9 3.29 · 10−3

1.03
22− 59

406◦C Dp1 0.9 3.29 · 10−3 420
Dp2 1.7 0.126 60
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Fig. 3. Measured forward curves (symbols) for a Schottky diode with Cr/4H-SiC contact, to-
gether with NRT (lines) and HM (dashed lines) simulated data.

5. Conclusions
In this paper, two numerical optimization methods for solving the thermionic emission equa-

tion, which predominantly models Schottky diode forward electrical behavior, were analyzed,
implemented and compared. Both approaches relied on custom reformulations of the TE expres-
sion in order to achieve a form which is robust against numerical overflows. The first method
uses the Newton-Raphson algorithm to quickly converge towards an accurate solution with a
minimal amount of iterations. This is achieved by reusing previous solutions as initialization
for subsequent data points. The second approach utilizes Halley’s method, which incorporates
second-order-derivative information, to reach even faster convergence speed which is further en-
hanced by its parallel-computing compatibility. Thus, this technique enables the computation of
all estimates at the same time.

Both methodologies offer almost identical estimations (R2 ∼= 99.99%) between them, which
validates the relevance of simulations. Experimental measurements of practical SiC-Schottky
diodes were carried out over encompassing temperature intervals. Samples with Ni, Ti and Cr
Schottky metals were characterized, in order to account for a relevant spread of barrier heights.
The extracted parameters were used to simulate forward characteristics using the aforementioned
numerical techniques. An excellent replication of experimental behavior was obtained with both
methods (R2 ∼= 99.9%) over the entire temperature range (room - 400◦C). Notably, these perfor-
mances held up even when characterizing a low-barrier device (with Cr/4H-SiC contact) much
above its normal operating temperatures.

Thus, the NRT and HM can be integrated into advanced inhomogeneity models, offering
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accurate simulation capabilities and setting the groundwork for developing automated character-
ization tools.
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[21] T. GÜZEL and A. B. ÇOLAK, Investigation of the usability of machine learning algorithms in de-
termining the specific electrical parameters of Schottky diodes, Materials Today Communications 33,
2022, paper 104175.

[22] K. ROBERTS, A robust approximation to a Lambert-type function, ArXiv:1504.01964, 2015, pp.
1–8.


	Introduction
	Context and Issues
	Techniques to Simulate Schottky Diode I₂ (V₂) Dependence
	The Newton-Raphson technique
	Halley's method

	Results
	Conclusions

